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Jnanabha , Vol. 45, 2015 


(Dedicated to Honor Professor H.M. Srivastava on his Platinum Jubilee Celebrations) 


PROFESSOR H.M. SRIVASTAVA : MAN AND MATHEMATICIAN 
By 
R.C. Singh Chandel 
Editor : Jnanabha , Founder Secretary : Vijmana Parishad of India 
D.V. Postgraduate College, Orai-285001, Uttar Pradesh, India 
Email: re_chandel@yahoo.com 

We feel great honored to honor Professor H.M. Srivastava during his 
Platinum Jubilee Celebrations. He Needs no introduction. He is an 
amazing man, towering and leading mathematician, well known topmost 
eminent figure of "Special Functions and Allied Topics of Mathematical 
Analysis". He is topmost Researcher, Supervisor of several Ph.D. and D.Sc. 
theses, well reputed University Teacher, Editor or Member on Editorial 
Boards of various International Research Journals, Reviewer of various 
Reviews, Elected Follows of various International Societies, Recipient of 
International Prizes, Awards, Honors, Author of various Internationally 
prescribed Text Books having Special Dedication Volumes/Dedication 
Issues (and/or Dedication messages) of International Scientific Research 
Journals. 

Professor H.M. Srivastrava is well known to me since 1967 when he 
was faculty member of Jodhpur University/West Verginia University USA 
and I was a regular Research Scholar (Ministry of Education Government 
of India) working in his field at SATI, Vidisha, M.P., India under his postal 
guidance along with my guide Proferssor P.M. Gupta (Vidhisha). Due to 
this fact Professor Srivastava is well associated with JNANABHA family 
since very inception Jnanabha, Vol. 1 (1971), when he was active member on 
its Editorial Board. Since Jfanabha, Vol.2, 1972, Professor Srivastava is 
working as one of the two Editors along with Foreign Secretary of Vijnana 
Parishad of India, which publishes Jnanabha. To bring Jnanabha and 
Vijnana Parishad of India on present World map, Professor Srivastava has 
an important role. 

Professor Srivastava was elected as one of the first two Honorary 
Fellows of Vijnana Prishad of India (F.V.P.I.) (with first Fellow Late 
Professor J.N. Kapur) during Silver Jubilee Conference of the Parishad 
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(4) 
held at Parishad Head Quarters : D.V. Postgraduate, Orai, Uttar Pradesh, 
India in May 1996. a 
Special Issue Jrianabha Vol. 31/32, 2002 (Dedicated to Honour 1: 
Professor H.M. Srivastava on his 62" Birthday) was also published by M 


Vijnana Parishad of India. 
Professor Srivastava, the ocean of generosity has inspired and helped me 
several students, teachers and colleagues to accept multi-dimensional 


challenges of physical real life. U 
Thus for his outstanding contribution and Distinguished Services 1 
rendered to his Subject, "Vijüana Parishad of India" and to Social (1 
Communities, President, Members and Fellows of Vijnana Parishad A 
of India feel great pleasure to honor Professor H.M Srivastava W 
1. by publishing Special Issue of Jnanabha Vol. 45, 2005 (Dedicated to P 
Honor Professor H.M. Srivastava During his Platinum Jubilee P 
Celibrations) E 
and la 
2. by organizing 18^ Cum 1* International Conference of Vijnana 
Parishad of India (Dedicated to Honor Professor H.M. Srivastava " 
During His Platinum Jubilee Celebrations) at MANIT, Bhopal, M.P., E 
India (December 11-14, 2015). : 
I. A Brief Biographical Sketch. Professor Hari Mohan Srivastava J 
was born on 5th July 1940 at Karon in District Ballia of the Province of P 
Uttar Pradesh in India. His father, Sri Harihar Prasad (1900-1985), was a fe 


lawyer practising in the Civil and District Courts at Ballia. His mother, 
Srimati Bela Devi (1910-1989), was remarkably well-versed in the Vedic E 
and Hindu religious scriptures which greatly influenced his childhood and U 
later life spiritually as well as culturally. His father, on the other hand, a 
signicantly strengthened his pre-university education especially in the P 
subjects of English and Mathematics. x 
Having had hardly any formal education at the Primary School level, U 
Professor Srivastava was admitted in 1946 directly into Grade 3 of the ( 
Government Higher Secondary School at Ballia at the age of 6 years after ü 
his successful performance in the mandatory written and oral entrance P 
examinations. It is at this School where he was awarded a double 
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promotion from Grade 4 to Grade 6, without having to go through Grade 5. 
This did indeed accelerate his completion of High School (Grade 10) in 
1953. During the next two years (1953-1955), he studied at B.N.V. College 
at Rath in District Hamirpur of the Province of Uttar Pradesh, where he 
completed his I. Sc. in 1955, breaking all existing academic and scholarly 
records of that College as well as in other colleges in the region. 

Professor Srivastava received his university education at the 
University of Allahabad where he completed his B. Sc. in 1957 and M. Sc. in 
1959. Besides being a throughout high First class [right from High School 
(1953) to M. Se. (1959)] and meritorious product of the University of 
Allahabad, and having won a number of merit prizes and scholarships, he 
was awarded the Allahabad Jubilee Medal in the year 1959. During the 
period (1955-1959) of his four-year stay at the University of Allahabad, 
Professor Srivastava also published two first-prize-winning short stories in 
English, which were subsequently translated and published in other Indian 
languages (especially in Hindi). 

Professor Srivastava began his university-level teaching career in 
1959 itself at the age of 19 years. He taught at D. M. Government College 
in Imphal (now Manipur University) during the academic year 1959-1960 
and at the University of Roorkee (now the Indian Institute of Technology 
at Roorkee) during the academic years 1960-1963. He then moved to 
Jodhpur University (now Jai Narain Vyas University) where he earned his 
Ph. D. degree in 1965 while he was a full-time member of the teaching 
faculty at Jodhpur University (since 1963). 

Currently, Professor Srivastava holds the position of Professor 
Emeritus in the Department of Mathematics and Statistics at the 
University of Victoria in Canada. He joined the faculty there in 1969 [first 
as Associate Professor (1969-1974) and then as Full Professor (1974-2006)]. 
Professor Srivastava has held numerous visiting positions including (for 
example) those at West Virginia University in U.S.A. (1967-1969), 
Université Laval in Canada (1975), and the University of Glasgow in U.K. 
(1975-1976), and indeed also at many other universities and research 
institutes in dierent parts of the world. He is also Honorary Advisory 


Professor and Honorary Chair Professor at many universities. 
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Professor Srivastava's academic as well as personal life has been f: 
greatly enriched by the dedicated and whole-hearted support of his wife, b 
Prof. Dr. Rekha Srivastava, who is also a mathematician and colleague in e 
the same Department of Mathematics and Statistics at the University of C 
Victoria, and by his two children, Sapna Srivastava (who is currently C 
working as a Journalist in the New York area in U.S.A. after her Master's E 
degree in Journalism from Fordham University in New York) and Dr. M 
Gautam Mohan Srivastava (who is currently teaching in the Department of W 
Mathematics and Computer Science at Brandon University in Canada). i 
Many of Professor Srivastava's teachers (especially those at the University 
of Allahabad), too, deserve to be credited for his choice of a teaching career te 
and for his academic and scholarly accomplishments in his chosen n 
profession. o 

When not fully immersed into his research and writing, Professor W 
Srivastava prefers to pursue one of his main hobbies: watching movies and a 
serials (mostly in Hindi) on largescreen television at home with his family. n 
His continuing interest in sports is exemplified by his active participation q 
in hockey games until recently and by his regular attendance at baseball S 
games - live (especially when his son, who is presently also a successful n 

(and nationally well-recognized) Baseball Coach, used to play) or on c 
television-with his wife (who incidentally got him deeply interested in n 
baseball games, too). Besides, the spiritual and religious inclinations of 3 


Professor Srivastava and his wife, which were implanted in them by the 
cultural and spiritual environment of their respective families, grew much 2 
stronger in their own family life. He and his wife, together with their F 
children, have contributed signicantly to community and other related N 
services to the society. E 
II. Honours, Awards and Other Accomplishments. Professor 
Srivastava has published 23 books, monographs and edited volumes, 31 n 
book (and encyclopedia) chapters, 45 papers in international conference 1 
` proceedings, and over 1,000 scientific research journal articles on various 2 
topics of mathematical analysis and applicable mathematics. In addition, he S 
has written Forewords and Prefaces to several books by other authors and 
to several special issues of scientific journals. He has also edited (and 


contributed to) many volumes which are dedicated to the memories of 
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famous mathematical scientists. Citations of his research contributions can 
be found in many books and monographs, Ph.D. and D.Sc. theses, and 
scientific journal articles, much too numerous to be recorded here. 
Currently, he is actively associated editorially (that is, as an Editor-in- 
Chief, Editor, Honorary Editor, Advisory Editor, Senior Editor, Associate 
Editor or Editorial Board Member) with over 200 international scientific 
research journals. His biographical sketches (many of which are illustrated 
with his photograph) have appeared in various issues of more than 50 
international biographies, directories, and Who's Who's. 

Professor Srivastava's over 55-year career as a university-level 
teacher and as a remarkably prolic researcher in many dierent areas of the 
mathematical, physical, and statistical sciences is highlighted by (among 
other things) the fact that he has collaborated and published joint papers 
with as many as 500 mathematicians, physicists, statisticians, chemists, 
astrophysicists, geochemists, as well as information and business 
management scientists, who are scattered throughout the world, thereby 
qualifying for his Erdós number 2, implying that at least one of Professor 
Srivastava's co-authors is a co-author of the famous Hungarian 
mathematician, Paul  Erdós (1913-1996). Professor  Srivastava's 
collaboration distances with other famous scientists include his Einstein 
number 3, Pólya number 3, von Neumann number 3, Wiles number 
3, and so on. 

In the leading newspaper, The Globe and Mail (Toronto, March 
27, 2012, Page B7 et seq.), Professor Srivastava was listed in the Second 
Place among Canada's Top Researchers in the discipline of 
Mathematics and Statistics in Terms of Productivity and Impact 
Based Upon a Measure of Citations of Their Published Works. 

Some of the most recent prizes and distinctions awarded to 
Professor Srivastava include (for example) the following items: 

1. NSERC 25-Year Award: University of Victoria, Canada (2004) 

2. The Nishiwaki Prize: Japan (2004) 

3. Doctor of Science (Honoris Causa) Chung Yuan Christian 
University, Chung-Li, Taiwan, Republic of China (2006) 

4. Doctor of Science (Honoris Causa) "1 Decembrie 1918" 
University of Alba Iulia, Romania (2007) 
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5. Thomson-Reuters Highly Cited Researcher (2015) 
6. Special Dedication Volumes and Special Dedication Issues of 


(and/or Dedication Messages in) International Scientic 
Research Journals: 

Fractional Calculus and Applied Analysis, Volume 3, Number 3, 2000 (see 
Pages 319 (325) (Dedication Message for his 60th Birth Anniversary). 
Jüanaübha, Volume 31/32, 2002 (Special Issue Dedicated to his 62nd 
Birthday). 

Fractional Calculus and Applied Analysis, Volume 8, Number 4, 2005 (see 
Pages 387-392) (Dedication Message for his 65th Birth Anniversary). 
Applied Mathematics and Computation, Volume 187, Number 1, 2007 
(Special Issue Dedicated to his 65th Birth Anniversary). 

Bulletin of Mathematical Analysis and Applications, Volume 4, Number 2, 
2010 (Special Issue Dedicated to his 70th Birth Anniversary). 

Fractional Calculus and Applied Analysis, Volume 13, Number 3, 2010 (see 
Page 342) (Dedication Message for his 70th Birth Anniversary). 

European Journal of Pure and Applied Mathematics (Special Issue on 
Complex Analysis: Theory and Applications), Volume 3, Number 6, 2010 
(Special Issue Dedicated to his 70th Birthday). 

Fractional Calculus and Applied Analysis, Volume 13, Number 4, 2010 
(Special Issue Dedicated to his 70th Birth Anniversary). 

Applied Mathematics and Computation, Volume 218, Number 3, 2011 
(Special Issue Dedicated to his 70th Birth Anniversary). 

Advances in Difference Equations (Springer Open-Access Journal), Volume 
2013, 2013 (Special Issue: Proceedings of the International Congress in 
Honour of Professor Hari M. Srivastava). 

Boundary Value Problems (Springer Open-Access Journal), Volume 2013, 
2013 (Special Issue: Proceedings of the International Congress in Honour 
of Professor Hari M. Srivastava). 

Fixed Point Theory and Applications (Springer Open-Access Journal), 
Volume 2018, 2013 (Special Issue: Proceedings of the International 
Congress in Honour of Professor Hari M. Srivastava). 

Journal of Inequalities and Applications (Springer Open-Access Journal) 
Volume 2013, 2013 (Special Issue: Proceedings of the International 
Congress in Honour of Professor Hari M.Srivastava). 
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Analytic Number Theory, Approximation Theory, and Special Functions: In 
Honor of Hari M. Srivastava (xi+880 pp.; ISBN 978-1-4939-0257-1) 
(Gradimir V. Milovanovic and Michael Th. Rassias, Editors), Springer, 
Berlin, Heidelberg and New York, 2014. 

III. Research Contributions. Many mathematical entities and 
objects are attributed to (and named after) him. These entities and objects 
include (among other items) Srivastava's polynomials and functions, Carlitz 
-Srivastava polynomials, Srivastava-Buschman polynomials, Srivastava- 
Singhal polynomials,  Chan-Chyan-Srivastava polynomials, Erkus- 
Srivastava polynomials, Srivastava-Daoust multivariable hypergeometric 
function, Srivastava-Panda multivariable H-function, Singhal Srivastava 
generating function, Srivastava-Agarwal basic (or q-) generating function, 
and Wu-Srivastava inequality in the field of Higher Transcendental 
Functions; Srivastava-Owa, Choi-Saigo-Srivastava, Jung-Kim-Srivastava, 
Liu-Srivastava, Cho-Kwon-Srivastava, Dziok-Srivastava, Srivastava-Attiya, 
Srivastava-Wright and Srivastava-Gaboury operators in the field of 
Geometric Function Theory in Complex Analysis; Srivastava-Gupta 
operator in the field of Approximation Theory; Srivastava, Adamchik- 
Srivastava and Choi-Srivastava constants and methods in the field of 
Analytic Number Theory; and so on. 

Professor Srivastava has supervised (and is currently supervising) a 
number of postgraduate students working toward their Master's, Ph.D. 
and/or D.c. degrees in different parts of the world. Besides, many post- 
doctoral fellows and research associates have worked with him at West 
Virginia University in U. S. A. and at the University of Victoria in Canada. 

Some of the significant and remarkable contributions by Professor 

Srivastava are being listed below under each of the main topics of his 
current research interests: 
(i) Real and Complex Analysis: A unified theory of numerous 
potentially useful function classes, and of various integral and convolution 
operators using hypergeometric functions, especially in Geometric 
Function Theory in Complex Analysis, and several classes of analytic and 
geometric inequalities in the field of Real Analysis. 


(ii) Fractional Calculus and Its Applications: Generalizations of such 


classical fractional calculus operators as the Riemann-Liouville and Weyl 
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(10) 
operators together with their fruitful applications to numerous families of 
differential, integral, and integro-differential equations, especially some 
general classes of fractional kinetic equations and also to some Volterra 
type integro-differential equations which emerge from the unsaturated 
behavior of the free electron laser. 

(iii) Integral Equations and Transforms: Explicit solutions of several 
general families of dual series and integral equations occurring in Potential 
Theory; United theory of many known generalizations of the classical 
Laplace transform (such as the Meijer and Varma transforms) and of other 
multiple integral transforms by means of the Whittaker W, w- function and 
the (Srivastava-Panda) multivariable H-function in their kernels. 

(iv) Higher Transcendental Functions and Their Applications: 
Discovery, introduction, and systematic (and united) investigation of a set 
of 205 triple Gaussian hypergeometric series, especially the triple 
hypergeometric functions H4, Hj and Hç added to the 14-member set 
conjectured and defined in 1893 by Giuseppe Lauricella (1867-1913). 
United theory and applications of the multivariable extensions of the 
celebrated higher transcendental (y-and H-) functions of Charles Fox 
(1897-1977) and Edward Maitland Wright (1906-2005), and also of the 
Mittag-Leffler E-functions which are named after Gustav Mittag-Leffler 
(1846-1927). Mention should be made also of his applications of some of 
these Higher Transcendental Functions in Quantum and Fluid Mechanics, 
Astrophysics, Probability Distribution Theory, Queuing Theory and other 
related Stochastic Processes, and so on. 

(v) q-Series and q-Polynomials: Basic theory of general q-polynomial 
expansions for functions of several complex variables, extensions of several 
celebrated q-identities of Srinivasa Ramanujan (1887-1920), and systematic 
introduction and investigation of multivariable basic (or q-) hypergeometric 
series. 

(vi) Analytic Number Theory. Presentation of several computationally- 
friendly and rapidly-converging series representations for Riemann's Zeta 
function, Dirichlet's L-series, introduction and application of some novel 
techniques for closed-form evaluations of series involving a wide variety of 
sequences and functions of analytic number theory, and so on. His 
applications of (especially) the Hurwitz-Lerch Zeta function in Geometric 
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Function Theory in Complex Analysis and in Probability Distribution 
Theory and related topics of Statistical Sciences deserve to be recorded 
here. 
(vii) Analytic and Geometric Inequalities. United presentations and 
generalizations of a number of analytic and geometric inequalities. 
(viii) Probability and Statistics. Probabilistic derivations of generating 
functions and statistical applications of various special functions and 
orthogonal polynomials. 
(ix) Inventory Modelling and Optimization. Systematic analytical 
investigation of many potentially useful problems in supply chain 
management. 

Professor Srivastava's publications have been reviewed by (among 
others) Mathematical Reviews (U.S.A.), Referativnyi Zhurnal 
Matematika (Russia), Zentralblatt foür Mathematik (Germany), and 
Applied Mechanics Reviews (U.S.A.) under various 2010 
Mathematical Subject Classifications (Math Sci Net) including (for 
example) the following general classifications: 

01 History and Biography 

05 Combinatorics 

11 Number Theory 

15 Linear and Multilinear Algebra; Matrix Theory 
26 Real Functions 

30 Functions of a Complex Variable 

91 Potential Theory 

33 Special Functions 

34 Ordinary Differential Equations 

35 Partial Differential Equations 

39 Difference and Functional Equations 

40 Sequences, Series, Summability 

41 Approximations and Expansions 

42 Fourier Analysis 

44 Integral Transforms, Operational Calculus 
45 Integral Equations 

46 Functional Analysis 

47 Operator Theory 
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OCC "E 


58 
60 
62 
76 
78 
81 
85 
90 
91 
93 


(12) 

General Global Analysis, Analysis on Manifolds 
Probability Theory and Stochastic Processes 
Statistics 
Fluid Mechanics 
Optics, Electromagnetic Theory 
Quantum Theory 
Astronomy and Astrophysics 
Operations Research, Mathematical Programming 
Game Theory, Economics, Social and Behavioral Sciences 
Systems Theory, Control 

Further details about Professor Srivastava can be found at the 


following Web Site which is maintained and regularly updated by the 
University of Victoria: Web Site: http://www.math.uvic.ca/faculty/harimsri/ 
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ABSTRACT 


The von Mises distribution is one of the most important 
distributions in statitics to deal with the circular or directional data. In this 
paper, motivated by the importance of the von Mises distribution in many 
practical problems in circular or directional data, we will consider its 
several distributional properties. Based on these distributional properties, 
we have established some new characterizations of the von Mises 
distribution by truncated first moment, order statistics and upper record 
values. It is hoped that the findings of the paper will be useful for 
researchers in the fields of probability, statistics, and other applied 
sciences. 

2010 Mathematics Subject Classifications : 60E05, 62E10, 62E15, 


62G30. 
Keywords : Characterization, von Mises distribution, Order statistics, 
Reverse hazard rate, Truncated first moment, Upper record values. 

1. Introduction. An angular random variable X is said to have the 


general von Mises distribution, denoted as X ~ vM (0, ji, k) , if its probability 
density functions (pdf), f (6:1, El is given by 
oe) 


(Gu) ran TEE (1.1) 
0 
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(14) 
where Ois measured in radian, k is the scale parameter (a concentration 


parameter), pis the location parameter (a mean direction), and I, (%) is the 


modified Bessel function of the first kind and order 0, defined as follows, | 
see, for example, Abramowitz and Stegun ([1], 1970), Gradshteyn and 
Ryzhik ([10],1980), and Oldham et al. ([19],2009): 


dE? 


The mean direction coincides with the mode, whereas the parameter 
k measures the concentration around the mean directions p in such a way 
that, as k increases, the density peaks higher around p. 

The von Mises distribution is one of the most important 
distributions in statistics to deal with the circular or directional data, and is 
the circular analog of the normal distribution on a line. The distribution 
named after Von Mises was introduced as a statistical model by von Mises 
([22], 1918) to study deviations of atomic weights from integer values. This 
distribution was introduced earlier by Langevin ([14], 1905), adn Gumbel 
et al. ([11],1953) studied this distribution and called it circular normal 
distribution. Since then von Mises distribution has become very important 
in the statistical theory of directional data, and has been applied in areas 
such as geology, wildlife movement, bird navigation, among others. For é 
details on these, the interested readers are referred to Mardia ([15],1972, 
[16], 1975), Kendall ([13], 1974), Batschelet ([5],1981), Fisher et al. 
([9],1987), Fisher ([8],1993), Patel and Read ([20] , 1996), Mardia and Jupp 
([17], 1999), Jammalamadaka and Sen-Gupta ([12], 2001), among others. 
In this paper, motivated by the importance of the von Mises distribution in i 
many practical problems in circular or directional data, we will consider its 

| several distributional properties. Based on these distributional properties, 
| we have established some new characterizations of the von Mises 
^ distribution by truncated first moment, order statistics and upper record 

| values. The organization of the paper is as follows. For the sake of 
H completeness, some properties of the von Mises distribution are presented 


| in Section 2. The characterizations of the,.ven,,Mises distribution are 


m^ 


(15) 
presented in Section 3. The concluding remarks are provided in Section 4. 


We have provided two lemmas in Appendix A to prove the main results of 
the paper. 

2. Some Distributional Properties of Von Mises Distribution. 
In this section, we briefly discuss some of the distributional properties of 
the von Mises distribution. Without loss of generality u will be taken as 
zero in (1.1). Then, we say that the random variable X has the standard von 
Mises distribution, denoted as X ~ vM (9,k), and its pdf is given by 


kcos8 


e 


dag 


n«0«mnk20, (2.1) 


where I,(k) is the modified Bessel function of the first kind and order 0. 


Since 


gie d dëi SL E 


see Abramowitz and Stegun (1970), Eq. 9.6.34, page 376, we can wite the 
pdf f (0) and the cdf F(0) as follows 


f(80)- A x i2 ven) -n«0«mnk20, (2.2) 
and 
1 LO VELER 
re- f(s Tt) + ae sinjo) -r<0<m,k 20, (2.3) 


where I, (k) is the modified Bessel function of the first kind and order j 
given by 


EE 


To describe the shapes of the standard von Mises distribution, 
2 vM (9, k), the plots of the pdf (2.1) for some values of the parameter k 


are provided below in Figure 2.1. 
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Figure 2.1 : Plots of the Pdf of the standard von Mises distribution, 
X ~vM(6,k) 


In what follows, we will consider several distributional properties of 


X-vM(0,k) . Based on these distributional properties, some 
characterizations of X ~ vM(6,k) will be given. 
The standard von Mises distribution, X ~ vM(0,k) with the pdf as 


given in (2.1), has the following properties. 

I. It is symmetric around 0-0. 

Il. For k=0 in (2.1) X has the uniform distribution on (-1,7). 

Ill. Ifk—o in (2.1), then X has the normal distribution on (-%,% ), 


with the pdf given by f (8) = 1 ef De where o? = z. 


oV2n 


IV. The mode is at 0-0, and it is 
V. k=ln f (0) i 
f (x/2) 


A 
t 
| CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


Sa 


he 


Ti 
vo 
SO 


th 
dr 


), 


(17) 
VI. Hazard Rate Function. Using the equations (2.2) and (2.3), the 
hazard rate (or failure rate) dE 


X ~vM(6,), is given by 


of the standard von Mises distribution, 


(0) f(8) I, (5) * 25 1,(k)cos jo 
l puppe (24) 
1-F(0) (Ga -0)1, (&)-25: 1) sin jo 


To describe the shapes of the hazard rate (or failure rate) of the standard 
von Mises distribution, X ~ vM (0,&), the plots of the hazard rate (2.4) for 
some values of parameter k are provided below in Figure 2.2. The effects of 


the parameter can easily be seen from these graphs. Similar plots can be 
drawn for other values of the parameters. 


Figure 2.2 : Plots of the hazard rate h(0) of the von Mises distribution, 

X -vM(6,k) 
VII. Shannon Entropy. An entropy provides an excellent tool to quantity 
the amount of information (or uncertainty) contained in random 
observation regarding its parent distribution (population). A large value of 
entropy implies the greater uncertainty in the data. As proposed by 
Shannon ([21], 1948), If X is a continuous random variable with pdf f, (x), 
defined over an interval Q then Shannon's entropy of X, denoted by H(f), is 
defined as 
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(18) 
H(f)- E| lt OS (x)In{ fy (x)] dx. Ga 


Now, using the pdf (2.1) of the standard von Mises distribution, 


X-vM(6,k), in Eq. (2.5, and integrating with respect to 6 and 


simplifying, we obtain an explicit expression of Shannon entropy as follows: 


H(f)=In(2nl,(k))- D eg (2.6) 
where LE) and I,(k) are the modified Bessel function of the first kind of 
orders 0 and 1 respectively. Obviously, HU) is a function of k. To describe 
the shapes of the entropy function, H(f), the plot of the entropy (2.6) for 
some values of the parameter k are provided below in Figure 2.3. 


D D D D D $o 


Figure 2.3 : Plot of the entropy function, H(f) 
Since Zne) = dE (k)- I,(R) x and I,(k)<1, (k), VR2 0, 


(see Oldham, et al. (2002), for details) , we observe that the entropy 
function, H(f), is a monotonic decreasing function of k, which follows by 
differentiating Eq. (2.6) with respect to k, and noting that 


d 
g” (f)<0,vk20 . Further, by actual computation (using Maple 


d? 


software) it has been found that dg 


H(f)--0.68x10? , wher 
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(19) 
d ; S 
k=1.3344523 and ag HU) =0.247x10"', when k = 1.3344524, the entropy 


function, H(f), has an inflection point, say, k=a, in the interval (1.3344523, 


S dk 2 
1.3344524), that is, dig H(f)«0, when k<a, and Ze H(f)«0 when 


k>a, which implies that the entropy function, Hu is concave down when 


k «a, and concave up when k>a. 

VIII. Percentile Points. Here we compute the percentage points of the 
standard von Mises distribution, X ~ vM (k), with the pdf as given in (2.1) 
and cdf as given in (2.3). For any 0«p«1, the 100pth percentile (also called 
the quantile of order p) of the standard von Mises distribution, 
X -vM(0,k), with pdf f,(0) is a number 0, such that the area under 


fx (8) to the left of 0, is p. That is, 0,is any root of the equation given by 


F(0,) = IS fx (u)du = p. 
The percentage point 0, associated with the cdf of X -vM(0,&) are 
computed for some selected values of the parameters by using Maple 
software. These are provided in the Table 2.1 below. 
Table 2.1. Percentage Points of the Standard von Mises 
Distribution, X ~vM(8,k) 


k 


= a ENS | 5119 | | 5418 | | 5.710 | 5.998 

os sim | sm | ses | 587 | 6050 | 6245 | 
5829 | 5.986 | 6.136 | 6.254 
— ms p sss p sme | emn | em | ease | 626 | 
[word | 


5.870 5.962 6.048 6.129 
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95% 99% 


COMM 


(20) 


6.010 6.083 6.218 6.270 


6.000 6.064 6.122 6.177 6.231 6.278 


6.073 6.129 6.182 6.233 6.273 
7.0 6.022 6.081 6.134 6.185 6.235 6.274 


6.032 6.088 6.140 6.189 6.236 6.274 


6.040 6.094 6.144 6.192 6.238 6.274 


6.048 6.100 6.149 6.195 6.239 6.274 
| 90 | 6.054 6.105 6.153 6.197 6.241 6.275 
SOS 6.061 6.110 6.156 6.200 6.242 6.275 
6.067 6.115 6.160 6.202 6.243 6.275 


3. Characterizations of the von Mises Distribution. 
Characterization of probability distribution plays an important role in 
probability and statistics. Before a particular probability distribution model 
is applied to fit the real-world data, it is necessary to confirm whether the 
given continuous probability distribution satisfies the underlying 
requirements by its. For various methods of characterizing a probability 
distribution, the interested readers are referred to Nagaraja ({18],2006), 
and Ahsanullah et al. ([2],2014), among others. It appears from the 
literature that not much attention has been paid to the characterization of 
the von Mises distribution which can be usefully employed; see Best and 
Fisher ([6] 1979). For the maximum likelihood characterization of the von 
Mises distribution , the interested readers are referred to Bingham and 
Mardia ([7] 1975). The section presents characterizations of the von Mises 
distribution by truncated first moment, order statistics and upper record 


values. For this, we will need to following assumption and lemmas 85 
provided below. 


Assumption 3.1. Suppose the random variable X is absolutely continuous 


with cumulative distribution function (cdf) F(x) and probability density 
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5.990 6.067 6.142 6.213 6.269 


6.027 6.095 6.222 6.271 
6.041 6.106 6.225 | 6.272 | 
6.053 6.114 6.228 | 6372 


(21) 
function (pdf) f(x). We assume that y ={x| F(x) >0} and 6-inf[x| F(x) <1}. 
We further assume that E(X) exists. 

Lemma 3.1. Under the assumption 3.1, if E(X | X < x)= g(x)t(x), where 


1(x)= f (x)/F (x) and g(x) is a continuous differentiable function of x with 


35: xu — g'(u 
the condition that [s is finite for all x,y<x<6, then 
d L 


uma j 
f (x) =ce" 4") where c is determined by the condition [. f(x)dx 21. 


el f(u 

f EH 
Differentiating the above equation with respect? 
xf (x)= f'(x) g(x) + f(x)g'(x). 
From the above equation, we obtain 
f(x). x-&(x) 
f(x) gl) 


On integrating the above equation with respect to x, we have 


Proof. We have g(x , that is, [uf (u)du = f (x)g(x). 


EE 


xu-g(u) 
li ROB 


f (x) ce 
where c is obtained by the condition Es (x)dx=1. This completes the 


proof of Lemma 3.1. 
Lemma 3.2. Under the assumption 3.1, if E(X | X= x)= g(x)r(x), where 


(ee OR and g(x) is a continuous differentiable function of x with 
1-F (x) 


the condition that Re is finite for all x,y<x<6, then 


id xusg(u) = : 33 8 
IE . where c is determined by the condition f f (x)dx=1. 


f(x)=ce 
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v 


(22) 


1 uf (u)du 
f) 
Differentiating the above equation with respect to respect to x, we obtain 
-xf (x)= f'(x)e(x) * f ()8 (x). 
From the above equation, we obtain 
f(x). x8 (x) 
f(x) g(x) 


On integrating the above equation with respect to x, we have 


Proof. We have g(x) = , that is, [f uf (u)du - f (x)g(x). 


CORAN 
ô 


where c is obtained by the condition f f(x)dx-1. This completes the 
t 


proof of Lemma 3.2. 

3.1. Characterization by Truncated First Moment. This 
section presents characterizations of the von Mises distribution by 
truncated first moment, as provided in Theorem 3.1.1 and 3.1.2 below. 
Without loss of generality, we will consider the following pdf f(x) of the 
standard von Mises distribution, X ~vM(0,k), expressed as a series of 


modified Bessel functions: 

keos® e 

1 2G 
rcg e NT. jg |.— 
(0) zu) 2x + yee n«0«mnk20, 

as provided in Equations (2.1) and (2.2) above. 
Theorem 3.1.1. Suppose that X is absolutely continuous bounded random 
variable with cdf F(x) such that F (-x)=0 and F(x)=1 then 
E(X|X<0)=g(68)z(8), where dE e and g(0) is a continuous 
differentiable function of 0,—x « 0 < x, given by 


ern Gea < IR 
DE JE ug i J cin jocos jö—cos jn) |, 
J= 


j if and only if 
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rn 


(23) 
f(Sys-—L. e DEN 
2nl, (k) ; 
Proof. If f(8) 5 ten «0« nk 20, then, expressing it as a series 


of modified Bessel functions, it is easily seen, after integration and 


simplification, that 


j TOn ie {1 (k («21,0 (beoe ju Jau 


g(8)- = ) zd SS 50 


0 
= e eso fe = all (k) 2 eau H 


Zus: ay i) cos jo- 22 


J 
2 : 
cl -7 na 25 0) osi ja +eos ja- os jn) |. 


jal 


Suppose that 
g(0) - em [Sau ya 26A jƏðsin jð + cos J9- cos jr) | 
j=1 


Then, differentiating both sides of the above equations with respect to 6 


and simplifying, it is easily seen that 
g'(0) - 0-- ksin Gg (0), since CE ug + 22.0; (noo. 
7 


Thus 
e-g'(0) 
&(0) 
from which, on using Lemma 3.1, we have 
f(9) 0-8(9. iino. 
f(0 säi 


On integrating the above equation with respect to 


- —ksin 0, 


0, we obtain 
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(24) 
f(®)=ce'*, where c is a constant to be determined. 


Using the condition I) f(u)du-1, and recalling the integral 
representation of the modified Bessel function of the first kind and order 0, 


and thus 


we easily obtain c= 5 


1 
my (EI 


1 ers 
e^ _1<O<7,k20, 


6)= 
f(9) 2ml (k) 
which is the pdf of the standard von Mises distribution X ~ vM (0,k). The 


completes the proof of the Theorem 3.1.1. 
Theorem 3.1.2. Suppose that X is absolutely continuous bounded random 
variable with cdf F(x) such that F(-1)-0 and F(z)-1 , then 


E(X|X»0)-h(0)r(0), where r(6)= “ES and A(0) is a continuous 


differentiable function of 0,—x < 0 < x, given by 


-keos 2 9? 2 NU : 
h(0)- e^ (Ez 6)-2* il Join jocos jocos jn) |, 
jal 


DR 
if and only if 
1 
0 E kcos0 E 
f (8) zx 5 x«0«mk20. 
Proof. Suppose that 


1 ei 
f(0)- zu, ebe za o 092519 -n«O0cmk20, 


[ortas iL dag eo} 
EE EE 
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Sı 


US 


(25) 


[Eun - 2»: 1; u) (cos jr- I 


Jel J 


-k cos í-9 - I; k - 
=e l% * 2 I,(k)-2>° F J join jo cos j8- co js) 


Suppose that 


N 


2 _ 9? SA 
h(0) =e Sue: 29 C (josin jo cos jo -c0s,in)} 
ja 


Then, differentiating both sides of the above equations with respect to 0 
and simplifying, it is easily seen that 


h'(0) = ksin 0A (0) - 6, since PIDE Gor 2Y Ligen pl 
jal 


Thus 

MN ee 

DO 

from which, on using Lemma 3.2, we have 

i) (8) = SE) SE = —ksin8. 

f(9) ` An 
On integrating the above equation with respect to 6, we obtain 
f (8)= cet? where c is a constant to be determined. 


Thus, taking y »-x and 6-7 in Lemma 3.2, and using the condition 


[| f (u)du 21, and recalling the integral representation of the modified 

| : . 1 
Bessel function of the first kind and order 0, we easily obtain c= ———., 
Dal, (F) 


and thus 


1 
N°) Far) 


which is the pdf of the standard von Mises distribution, X ~ vM(8,k). This 


et? -T< 0< n,k 20, 


completes the proof of the Theorem 3.1.2. 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


ooo 


(26) 
3.2 Characterization by Order Statistics. This section present, 


charactrizations of the von Mises distribution by order statistics, a 
provided in Theorems 3.2.1 and 3.2.2 below. Without loss of generality, we 
will consider the following pdf f(x) of the standard von Mises distribution, 
X - uM (0,k): 


f(8) E gi - zz (k)- 2» I; (k)cos DE «O«mnk20, 
DI 


- Qnl,(k) Qn, (k) 

as provided in Equation (2.1) and (2.2) above. 

Let X,,X,,..., X, be n independent copies of the random variable X having 
absolutely continuous distribution function F(x) and pdf f(x). 

Suppose that X,, < X,, €... € X, , are the corresponding order statistics. It 
is known that X;,|X,, =x, for 1X k« j € n, is distributed as the (j — &)th 


order statistics from (n-k) independent observations from the random 

variable V having the pdf f, (v|x) where f,(v|x) ZENONE U < x, see, 
1-F (x) 

for example, Ahsanullah et al. ([2] 2013), chapter 5, or Arnold et al. ([4, 

2005), chapter 2, among others. Further, Xi, | Xpn 7x1lsi«kzn, is 


distributed as ith order statistics from k independent observations from the 


random variable W having the pdf fy (w| x), where fy (w|x) = A <x. 


We assume that Spa = zu. uL. ) and 


1 
n eni EX EE b for l<k<n. 
The following theorem gives a characterization of X ~ vM (6,2) based on 


1 
S, = ; xs +X. +--+X, 1.) 1Sk<n. 
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Theorem 3.2.1. Suppose that X is absolutely continuous bounded random 


variable with cdf F(x) such that F(-x)-0 and F(z)-1 , and 


S; = (Rint Xan t -+Xianbl<k<n, then 


"SG 


k- 


E(S Ee xi) cr coepisti 9? - x 
[SUL DET I,(k) 


if and only if 


1 
0 = kcos0 = : 
f( ) 2h). n«0c«mk20 


8 D 
| fé POR NUES E 
Proof. Since E(S, , Ee =6) Ris EE 
f (8) e 
the proof easily follows from the Theorem 3.1.1. 


The following theorem gives a charactrization of X ~ vM(0,k) based on 


1 
T. = (Xion n Xon Teck X 


nn 


),l<k<n. 


Theorem 3.2.2. Suppose that X is absolutely continuous bounded random 
variable with  cdfF(x) such that F(-z)-0 and F(x)=1, and 


T, EE 1<k<n. Then 


PD 
A 


jOsin j0 + cos j0 — cos in) ; 


E(T, n SIE omie 2 I, (k) vx 


if and only if 
f (8) = E wm «0« n,k > 0. 


xls) 
E uf (ayes Cd 1) +2301, (Heo ju) tu 
Proof. Since E( mpg. e SE 


the proof easily follows from the Theorem 3.1.2. 
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3.3. Characterization by Upper Record Values. This section 
presents character izations of the von Mises distribution by upper record 
values, as provided in Theorem 3.3.1 below. Without loss of generality, we i 
will consider the following pdf f(x) of the standard von Mises distribution, i 


X ~vM(6,k): | 
| 
1 kcos0 — 1 k)+2 S I.( k)cos e| — 0 k20 

3 e ja ,"n«0« mk 2 0, 
fru "zu zu I, (5) 2 JN , 


as provided in Equation (2.1) and (2.2) above. 

Suppose that X,,X,,.. is a sequence of independent and identically 
distributed absolutely continuous random variables with distribution 
function F(x) and pdf f(x). Let Y, = max(X,,X,,...,X,) for n21. We say 
that X; is an upper record value of IX. nz 1} if Y,;>Y,,,j>1. The indices ( 


as which the upper records occur are given by the record times 


{U(n) >min( jj >U(n+1), X; > Xy. pn>1)} and U(1)=1. We will denote the ; 


nth upper record value as X (n) =X U(n)* 


Theorem 3.3.1. Suppose the random variable X satisfies the assumption ) 
3.1 with y 2 -x and 6 - 1. Then X has the standard von Mises distribution, 
X - vM (6,k), if and only if 


E(X(n1)| X (n) - 6) 
em EE - I,(k)- 22 IAS C sin jocos j8-eos i) 


Proof. Since 
E(X(n«1)| X(n)=6) 
: J, uf (u)du | 

i 1-F(0) 
-E(X|X20) d 


4 I, due, DI (k)cos jn Jas [ 


: SE 
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n 
n, 


(29) 
the proof easily follows from the Theorem 3.1.2. 

4. Concluding Remarks. Characterization of a probability 
distribution plays an important role in probability and statistics, and other 
applied sciences. Before a particular probability distribution model is 
applied to fit the real world data, it is necessary to confirm whether the 
given probability distribution satisfies the underlying requirements by its 
characterization. A probability distribution can be characterized through 
various methods. The von Mises distribution is one of the most important 
distributions in statistics to deal with the circular or directional data. In 
this paper, motivated by the importance of the von Mises distribution in 
many practical problems in circular or directional data, we will consider its 
several distributional properties. Based on these distributional properties, 
we have established some new characterizations of the von Mises 
distribution by truncated first moment, order statistics and upper record 
values. It is hoped that the findings of the paper will be useful for 
researchers in the fields or probability; statistics, and other applied 
sciences. 
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ABSTRACT 
For «20, let Mr be the set of a-logarithmically convex functions 
i.e. f analytic in zeD- (z :|z| « 1) satisfying 


iE 


Some sharp bounds for the initial coefficients of the inverse function f ! of 
f € M* are given. 
2000 AMS Subject Classification: Primary 30C45; Secondary 30C50 
Keywords: Univalent functions, starlike, convex, a-logarithmically convex 
functions, inverse functions, coefficients. 

1. Introduction. Let S be the class of analytic normalised univalent 


functions f, defined in ze D= fz Jl. 1} and given by 


(LD f(z)=z+ Soe 


Denote by S' de ebe of functions, starlike with respect to the origin 
and by C the subset of convex functions. 

Thus f e S* if, and only if, for zeD, 
zf'(z) 
f(z) 
and re if, and only if, 


Re >0, 
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< ee ee 


(82) ` 


Re + oe >0. 


For o 2 0, let M* denote the class of functions satisfying 
a ; l-a 
Rel(1 KEN ES +0 
f(z) ) \ f() 
for zeD. 
We note that the class M“ is the power analogue of the so-called Ma- 
Minda functions M*, which have been widely studied [8]. It was shown in 


[1] that for oz 0,M* c S * and, together with other results, sharp upper 
bounds for |a; |, lol and the Fekete-Szegó functional where found. 
Since functions in M* are univalent in D, they possess an inverse 
function f ', defined on some set of f(D) with radius at least 1/4. 
Suppose that on such a set, f * has Taylor series expansion 
(1.2) f^(o)-o* Y y0". 
n=2 
It is the main purpose of this paper to find some sharp upper bounds 
of |y, | for n= 2, 3 and 4 for feM". 
Let h€P, the class of functions with positive real part in D and write 
h(z)-1* Y» ez. 
n-l 
We shall make use the following well-known results [2,6]: 
Lemma 1. If peP, then |c,|<2 for n2 1, and 


us 2 O<p<2 
Gah | < DOS, Hu Uu = : 

DONA í li } Pres elsewhere. 

Lemma 2. If h€P with coefficients c, as above, then for some complex 
valued x with |x| < Land some complex valued ¢ with zt 


2c, SG *x(4-«1) 
4c, =c}? +2(4—e? ex - e (4- c?)a? +2(4-c?)(1-|x\')¢ 
We prove the following: 


2. Theorem. Let f € M* and f! be given by (1.2). Then the 
following sharp inequalities hold 
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em rn 


he 


(33) 


bss 
(l+a) (1+2 ) 

| [geen 

> (1+a) (1+2a)’ 

Fle 2(63+77a+ 3a? +a’) 


The inequalities for |y,| and |v;| are valid when o >0 and for |y4| when 
0<a <x 2.04. 


Proof. Write 
^ Ee 
(2.3) "| eZ - h(2). 
ome re) Au 
Since f (f^ (o)) =, then (1.1) and (1.2) give 


(2) pts 


ut. 2 
Y3 =—@, * 2a5, 


Y4 =a, + 5a,a, — 5a;, 
and equating coefficients in (2.1), we obtain 


(23) a,- Tes 


(2+7a-a”)c? D 
SSS D E AXI 
4(1+a) (142a) 2(1*2a) 
(6 +280 +1540 -47a°+8a‘)ci (3+19a-4a")c,c, e; 
P—————————QÁÁ—— M 
^ “36(1+a)*(1+2a)(1+8a)  6(1+a)(1+2a) "20 Sei 
Since |c,| x 2, it follows at once from (2.2) and (2.3) that |y,|< 2/(1+ a). 
For y, (2.2) and (2.3) give 
6+9a +a" Jc 
GA |y,|- Ee 
2(1-2a) 4(1+a) (1+ 2a) 
2 
Gromka , So that u g [0,2], we obtain 


2(1+a) 


Applying Lemma 1 with p= 


(5+7a) 
(1+ a) (1+ 2a) 
which proves the second inequality in the Theorem. 


LE 
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(34) 
For y, we obtain from (2.2) and (2.3) SI 
a (e CeCe (48+730 + 21^ 1 Zei lei 
att, Bel 3(1+a)(1+8a) 18(1+a) (143a) 
We now use Lemma 2 to express €; and c, in terms of c, to obtain 
(63-710. 3a” o?) d 5ax(4-c) c ex? (4-cr) h (4-&)(1- sf) 
36(1+a) (143a) 6(1+a)(1+3a) 12(1+ 3a) 6(1+3a) 


(25) kl 


hl: 


Without loss in generality we may normalise the coefficient c, and 
assume that c, =c, where 0<c<2. Then using the triangle inequality we 
obtain 

(63. Ta +307 +a°)c! Be|x|(4—c”) cl (4-c’) (4-c*)(1-|x}'] 4 
yal E (1x82) ~(i+0)(1+3a) Tel ` Set — v(e). 


Assume now that w(c,|x\) has a critical point inside [0, 2]x[0, 1], then 
differentiating with respect to |x| and equating to zero implies c= 2, which 
is a contradiction. 

Thus in order to find the maximum of wiel, we need only consider the 


end points of [0, 2] x [0, 1]. 
On c = 0, 


PEE. 2 


8(1+8a) 3(1+3a) 


H 


Onc = 2, 
2(63+77a+ 307 -- a? 
Je- dl 
9(1--a) (143a) 
On |x| = 0, 


MESI (2) TISSUE x (4-c") i 
36(1+a) (1+3a) 6(1+3a) 
This expression is minimum at p=0, and maximum at 
ai Afro). 
D'Iesse P7 920. 
Substituting back gives 
2(63+77a+3a +a") 
9(1+a) (1+3a) 
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y(c,0)< 


(35) 
Finally on |x| - 1, 
(63. 77a +30?  o?)e? (4-c')e 5(4-c*) 

36(1+a) (143a) j 12(1+3a) 6(1+a)(1+3a) 

This expression increase with 2 on [0, 2] provided 0 < a « 2.04, which again 
gives the inequality for |y4|. 
Taking c,;=c, =c; =2 in (2.4) and (2.5) shows that the inequalities in the 
Theorem are sharp. 
Remark 1. The analysis shows that the inequalities for |y,| and |y;| are 
valid for «20, and for |y,| when 0<a~2.04, Finding the sharp 
inequality for |y,| for all a 2 0 remains an open question. 
Remark 2. When gt, the inequalities obtained in the Theorem are 
consistent with those given by Lowner [7] for feS, and when a=1, with 
those given in [5] for convex functions. 


y(c,1)s 


Remark 3. For real u and v, the functional J,(f) =la, + uad. *vaj| plays 
an important role in the theory of univalent functions. In [9], sharp bounds 
for J,(f) for all real u and v were obtained for the Ma-Minda functions Ma. 
This paper finds the sharp bound for J, (f )for functions in M" in the case u 
——b and v= 5, (for the fourth inverse coefficient). Finding sharp bounds for 
J,(f)for all real u and v when f€M" remains an open problem. In 


particular obtaining the exact upper bound for J,(f) when u.—-1 and v- 1/8 
would provide a solution to the problem of finding the sharp bound for the 
third coefficient of log(f (z)/ z) for f EM“. However the method used in this 
paper does not appear to give the sharp bound in this case. 
Remark 4. When 0<a <1, using the inequalities |c,|<2 for n=1,2,3 in 
(2.3) above and a similar expression for a; in terms of c,,c,,c and c, easily 
establishes the following, which are sharp when c,—c; —c47c,-2. 
2 
la| ze, 
l+a 
3(1+ 3a) 
(1+ a) (142a) 
2(18+113a +2920" 4 Ta? 4 2a) 
9(1+a) (1+2a)(1+3a) 
45 +6290 4-290807 + 99690? +12061a‘* 4 812a? - 196a? 
Si 9(1+a) (1+2a) (1+3a)(1+4a) 
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o. < 


|a,|< 


mee" 


BE... 


(36) 
Following the same procedure as above gives sharp upper bounds for 
CA for n>6 for functions in M" which are computable, but the 


calculations become increasingly complicated. 
Kulshrestha [3, 4], found sharp upper bounds for the coefficients of 
functions in M, for n>2, but since functions in M" involve powers, 


solving the corresponding problem for M“ for all n2 2 may be more difficult, 
We finally note that finding the correct order of growth for the 
coefficients a, as n— for feM" is also an open problem. 
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ABSTRACT 

In this paper, some investigations of a class of the generalized 
Salagean-type harmonic multivalent functions is presented. Coefficient 
inequalities, extreme points, distortion theorem, properties of 
neighborhood and inclusion relationships are investigated in here. Also, we 
obtain some results on partial sums of an integral operator for multivalent 
harmonic functions. 
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1. Introduction. A complex-valued function f =u+ivin a complex 
domain D c C is said to be harmonic if both wu and v are real harmonic in 
D. If D is a simply connected domain, then f =h+g, where h and g are 
analytic in D. The functions h and g are called the analytic part and Co 
analytic part of f, respectively. A harmonic mapping f -AÀ-g is sense 


preserving in D if and only if the analytic function w = g'/ h' satisfies 
botz) <1 inD. 

In [1], Ahuja and Jahangiri defined the class H,(p¢N) consisting of 
all multivalent harmonic functions f = h+g that are sense-preserving in 


the open unit disk D := iz eC: |z| SZ 1), SE 


x z k+ 
h(e)=2 + Sauget’? and gle) = her q) 


k=1 
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ete ia 


Hd 


BEER _ 


(38j 
where GEAR Note that the class H, reduces the class Sy which Was 
introduced by Clunie and Sheil-Small [4]. Also, note that the class 3 

4 h 
reduces to the class A, of analytic multivalent functions, whenever the 0. 


analytic part of harmonic function is identically zero. Furthermore, let the 
class NH, consist of harmonic functions f -h« ge H,such that h and, 


are of the form: 

n(e)=2" - Yn. |" and g(2)= Zb 
Let p,n € N and X 2 0. For an analytic function f(z) e A,, we define 
Dj f (z)- f (2). 
Dif (2)=(1-A)F(2) += 4 (2)=D, of (9) 
Dj f (2)= D,» (Dof (2)) 


and 
Dif (2)- D. Uri 
For p=1, we get Al-Oboudi differential operator [2], and for p= =1, we 
get the Salagean differential operator [15]. 
Several authors defined many subclasses of H, using the operator 


2 +p : (9) 


D; , (cf. [11,19]). For the subclasses of univalent harmonic functions using 


D; p, We may refer to [5,9,13,17,18]. 


Let pneN,A20 and O<p<p. For f(z)e.A,, we define an 
operator O% pu : A, > A, by 


o :-)- D n+l H n 
^ pu (f32) p (Dr e» dE 
We note that the operator Op. induces D, and JD" for the case 
u=0 and =p, respectively. Now, using the operator Q; ,,, we defin? 


classes HS, (n,A,;0) and NHS, L.A. wa) which are subclasses of H, 9 
follows: 


Definition 1. Let P,rEN,A>0,0<u<p and 0<a<l. We say that 1 


function f =h+geH, is in the class HS, (n; ma) , if f satisfies the 
following inequality: 
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(39) 


z? z? 


Well ; 
s Ef ( (Se Tuten 


Also, let NHS,(n,2,u;a) denote the class of functions f=h+g in 
HS, (7,0, uat) so that h and g are given by (2). Namely, 
NHS, In, Als HS, (7,4, i a) NH, 
The class HS, (n,X,u;«) gives us the following well-known classes. 
Remark 1 
(a) For g 20,1 2 0 and n=0, we have the subclass of close-to-star functions 
of order o (See [3]). 
(b) For g =0,n=0,n=0, p=1 and a=0,we have the subclass of close-to- 
star functions which was introduced by Reade [14]. 
(c) For gs0and p=p=A=1, we have the subclass of functions with 
bounded turning of order a (See [8]). 
(d) For g 20,u 2 p 2-1 and a - 0, we have the subclass of functions with 
bounded turning (See [12, 16]). 
For f(z) € A, with peN, we define an operator L, ` A. > A, by 
L,(fis)- P1 rato v P aunt 
Then, we have L = L, where L is the well-known Libera integral operator. 
Analogous to define the integral operator L, we define an operator 
Lp : H, > H, by 
Gy (riz) = foao) (3) 


zZ 


where f =h+g €. 
For a given harmonic function f =h+&€H, of the form (1), the j-th 
partial sum f, of f is given by 


J j k+ 
DEE 

kel Eo . . . 
The main object of the present paper is to investigate various 


properties (coeficient inequalities, extreme points, distortion theorem, 
neighborhood properties and inclusion relationships) of harmonic 


multivalent functions belonging to the class HS, (7,160) and NHS, (72.450) : 
And we find the condition of p so that the partial sum of £, (f;z) belongs 
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0 59 

(40) 
to the class HS, (n, m;a), for given f € HS, (n, A; B). A similar Problem 
for the class NHS, (n,à, Li; a) is also considered. 

2 Main Results. First of all, we find a sufficient condition for th 
function f(z) of the form (1) belong to the class HS, (n,A, wa) 4 i 
Theorem 1. Let pn e A2 100p s p and 0<a<l. And let the function 
f =h+@ be such that h and g are given by (1). If f satisfies 


Dd EK Shi mp ee) Ka d 


kal p D 


then the function f is a harmonic p-valent, sense-preserving function in D 
and f € HS, (n, pa). 
Proof. Let zeD. At first, we shall show that f is sense-preserving in D. 
S LAR I GEO ) 
zp|ll-»]|l-—— Op 
| » p p | key 
Similar calculations show that 
It follows from (4), (5) and (6) that 
Kill. ate > ie wa DAAT l 
kel D EZ 


Since 1.2 1,, we have 
} (5) 

g'(z af p+k , 

E S Teom ) 

k=0 P 
Zee 
LE 2 
k-0 Pp p as 


S C stes. 
esten.) s 
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(41) 
Thus, we have Ju] = le' (z)/ h'(z)| <1 in D. Therefore, f is sense-preserving in 
D. Now, we show that f € HS, (n,X,u;«). Using the fact that Re(w) >a if 
and only if |L- a +w|-|1+a-w|>0, it is sufficient to show that 
alt, 02) 5, (s2))/ "| - Lo - (67, (52) +2, (8 ;z))/2"| 2 0.07) 
And, we have 
[ha (0, (h; 2)+% pa (252)! z"|- |. - (07 (h;z) +O ,,.(gsz))/2"| 


DÄI 


: Ak | ph el p*^k J 
2 1 : 2 1+ a ae 
a+ > i p I p ) e, d d p p | h al 


ees pef 
ip tret ac [ef 
ee ee etes 


2f (AN pM > Eo] 5. II. 
a 2] ie 


Hence, the inequality (7) hold, if 


E rR "ny n 
DOES D D wees | hulsi-e 
k D 


d th f of Theorem 1 is completed. 
5 me DS silly theorem, it is proved that the condition (4) is also 


necessary for function f =h+8 of the form (2). 
Theorem 2. Let pn eN,A2L10sp*p and 0€a «1 and let f=h+g be 


given by (2). Then f e NHS, (n, A, ua), if and only if 


: Ak HAR perk) EL T 
Ge 


Proof. From Theorem 1, we need to prove the necessary part of this 
theorem. Since f € NHS, (7,2 vol, we have 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


EE D 


(42) 
Re Giel, EE ll 
z? z? 
And this is equivalent to s 
: pak Y p XR) Ke HAR \| p+ Mey kep , Ze 
dol GC, kr (e (075) E 
Choosing the values of z on the positive real part axis and letting z>1, d 
we have 
i-e AE 2 Essi Ae dk + si là. ds, 
p k=0 Dp D 
which is the required condition. 
Next, we determine the extreme points of the closed convex hull of ET 
NHS, (n, wa), denoted by co( NHS, (n, u;a)). 
Theorem 3 Let p,neN,à21,0<u<p and0<a<1l and let f=h+@ be 
given by (2). f € co( NHS, IEN if and only if Th 
f(z)= 2: (2) * y,& (2), (9) 
L-0 
where 5 
hy (2) =2", P 
; clo 
1 n+2 
h, (z)=2” -C CS (k= D2 c 
(p + We) (p+ Ak) Th 
a n+2 
£i EE EEN 
(p° +pAk)(p+Ak) Th 
E the 
and x, 20,y, 20 with 2 (x, +y,)=1. In particular, the extreme points of 
=0 
NHS, (nA, u;a) are {h,} and CRE 
Proof. For the functions of the form (9), we have 
E? ER n+2 nD GEN 
EE et Ee en an 
if? +pAk)(p+Ak) f (p? + uMk)(p-- Ak) : 
Then 
DELI ERU n (mene (1-a)p"* ji 
EB c Lëns "au P p Lei +pàk)(p+ àk)! for 
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(43) 
elle nl 
k=1 k=0 
<1-a, 
since 0< x, <1. Therefore, fe co( NHS, (n, Lal 
Conversely, suppose that f, which is of form (2), belongs to 
co( NHS, (n,A,H;0)). Set 


(p + pk) (p +k)" 
x Ta) peel (k=1,2,...), 
" (p + uAR)(p AR) 
and 


X,-21-9» x, -» y, 
kel kel 
Then we have 
f (z) = » why (z) + MÉI (z), 
Ka 
as required. 
Remark 2. Theorem 3 means that the class NHS, (n,A,u;a) is convex and 
closed, thus we have 
co( NHS, (n,A,430)) = NHS, (7,245). 
The following theorem gives the bounds for modulus of functions in 
NHS, (n, m;a). 
Theorem 4. Let p,neNA>L0<ps<p and 0<a<1. If f e NHS, (n,A,u5a), 


then 
LS -q 


353) 
po PB 
(blo 


Feo (1-l)? [em 


1 
r” 


|f (a) < (1« p, 7" T 


and 

not 
P) P 

for |z| =r<l. 
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Proof. We note that / 


ler d Gi A: 
p p pA D 
for all ke N. Since f € NHS, (1,5, vol, by Theorem 2, we have 
Ak +hk 
pi (E E] (Hb i-e 


Hence, by de inequality (10), we have 
1- lb, | -a 


BIS ES s — 
ANTO 


Now, taking the absolute value of f, we obtain 


ftos (1+ b) + lla s^" 
«(pet 2n (lel + Pel 


1-|b,|- « 


p zi 
< (1 + A + BE à DG Ta 
PI P 
Similarly, we have | 
yt Q- bl) 3] bs" 
2 (1- p, je Yr" (la, | La. | 


k=1 
1-|b,|- 
sl Ale ES d = -rP", 
Eat 
2 
p P 
For given A €1- o, the function 
1 SA -q Lg 
"ey 
PA p 
shows that the lower bound given in Theorem 4 is sharp. 
Theorem 4 yields a covering result for the class NHS, (n, A, ua.) as follows: 
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ws: 


(45) 


Corollary 1 Let p,neN,à>1,0<u<p and 0<a<l. If f e NHS, (n, ua) 
then 


1-|b,|-« 


Eae 
i363 
p. D 


3 Neighborhood properties for the class NHS, (nx, u;a). In 


this section, we study some properties of neighborhood for the class 
NHS, (n,A, 30). Now, we define the (1,3. )-6 neighborhood of f € H, by 


NEA A= irent :F(z)22 "Ela, SE EE 
k=O 
and SÉ Est — Ay. p|+ Disp - B,.,|) < |. 


Theorem 5. Let p,neN,Az10<p<p and Osa«l and let 
f € NHS, (n, ma). If 


ss[n- (£29 ka (1) 


then N?"^ (f)c NHS, (n, X, u; a). 
Proof. Let 
sh+p 


ils Zär | Brol? 
k=l k=0 
belong to N?""(f). Now, 


Nä = ee *|B..,]) 
k- 
de SE Ia hd -Bs 


EWEN | 
(er ke 
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w :|w|<1-|b,|- 


) 


zl, 


[7 


+ evel) 


Qk P 


OS SE 


(46) 
1 l-n 
ssp (228 Dal 
Hence, if 5 satisfies i 
l-n 
dE (1-|b,|-0)<1-a, (12) 
p 


then F belong to the class AIS, (n, A,ua) and the inequality (12) is 
equivalent to (11), hence the proof of Theorem 5 is completed. 

4 Inclusion Relationships Involving the Class NHS, (nV, ua). 
In this section, we obtain some inclusion relationships involving the class 
NHS, (n, m;a). Now, we denote by HS, (a) the class of harmonic starlike 
functions of order a. And HS,(0)=HS,. The following lemma is a 
suffcient condition for which f belongs to HS, (a). 
Lemma 6 D. Ahuja and Jahangiri] Let peN and Oxa«1. And let 
f =h+g be given by (1). If f satisfies the following inequality: 

= k+p(l-a 2 kt p(l-a pii-a 

pube ce), pens), | <2 _p(l-a) 

Li p-a ko PO p-a 
Then f € HS, (a). 
And, using Theorem 2, we can easily obtain the following results. 
Theorem 7. Let p,oneN,0sa«1A421 and O<p<p, and n,cN, | 
0x a; «1,3; 21 and 0 € y, < p, for i=1,2. Then, the following four inclusion 
relationships hold: 
(1) NHS, (n, m;a) € NHS, (n, u; a), for a, € os. 
(2) NHS, (mA ma ) c NHS, (n Ama), for n, € ns. 
(3) NHS, (n, a) c NHS, (n A;a), for 4, < Ag. 
(4) NHS, (n, pza) NHS, (n, u,a), for p; < us. 

We can easily obtain from Theorem 2 and Lemma 6 that 
NHS, (1,1,0;0) c HS,. Hence, by Theorem 7, we have 
NHS, (7,4, pa) c NHS, (1,1,0;0) c HS,. 
for all n,a,A and u(neN,0<a<1,A>1and0<p< p). Therefore, we can 
obtain the following result. 
Theorem 8. Let neN,0<a<1,A>1 and O<p<p. Each function 
belonging to NHS, Lo, A. u; a.) maps the unit disk onto a starlike domain. 
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k+p 


n 


(47) 

Next, we obtain the order of starlikeness for functions in the class 
NHS, (n3, ua) 
Theorem 9. Let p,jneN,0so«1.21 and 0 «y « p. Then, the following 
inclusion relationship holds: 

NHS, (n3, m;a) c HS; (B), 
where 
E (1-a)p"- p 
p(2a-1)-2' 

Proof. Let f be of from (2) and belong the class NHS, (n^, vol, Since f 
satisfies the inequality (8), we have 


DEL kb s1-o. 


k=0 


Furthermore, this inequality gives us that 


EE 
leg 13 
Sc (13) 
where 
p p 
Since k* p(1-B)<(p+ aby" E E eer 
D k+ p(1-B) ka p(1+B) 
E e E 
Lor; eL. NM 
2 (p-Ak) 2 (p+ìk) Ak)" y = ; 
< NEEESE ed m ; 
2; p-B E PEE p-B GE ZE, 
2 (ptAR 2pp A p” e 
SC EE lee D — b, |. (15) 
It follows from (13), (15) and the inequality Bua 2 l(keN) that 
v k+ p(1-B) k+ p(1+B)), 
k=1 p-B la Dron ec B hep cee 
n o n 2pp 1- (e — p” E 
: = p-B bl, (16 
Se 2902-21 p UD B A L— | (16) 


where A is given by (13). Since f e NHS, (n3, pol, —— SE 2 to 
the inequality (16), we get 
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SE SE 


(48) 
dram] n EI | 
. kt p 
mE T m P-P 
app Lech | p" *2p8 Pr 
P x p b 
ise Klee: A p-B | / 
_(t-a)(p"+278) , 2081 | 
EO ee - ge n 
where A is given by (13). Hence, by Lemma 6, we have that f is in the class pri 
HS; n (B). 
5 Partial Sums of The Integral Operator. Let f, and f, be 
analytic functions defined in D with the following expressions: Sii 


ac and f,(z Cd 
k 


Then the EE (or Hadamard product) of f,(z) and Gel, denoted by Th 
(fi * fr)(2); is defined by be 


(A *f)(z)=A(z)= > abe (zeD). 


Similarly, for two harmonic functions f,=h,+g, and f, = hy +8, the 


we 
convolution of f, and f, is defined by (f, * f,)(z) = (h * ,)(z) + (a * & ya). 
To derive our results of this section, we shall require the following kg 
lemmas. 
Lemma 10. [6, E If -1«a € A = 4.5678018..., then for 
il 2 iem eos (46; ) 2 0(n eN). 
Lemma 11. [7, Jahangiri and Farahmand] Let P(z) be analytic in D, 
P(0)=1 and Re{P(z)}>1/2 in D. For functions F analytic in D, the 
SE P=» F takes values in the convex hull of the image on D under WI 
Now, let us put F(z)- £, (f;z) for f € H,, where £, is the integral 
operator defined by (3). And let F, be the j-th partial sum of the function F. E 


Theorem 12. Let pe {1,2,3},neN,X>10<p<p and 0 xa «1. If f is of 


the form (1) with b,-0 and f € 4S, (n, X, u;a), then F, € HS, REH 
where 
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(49) 
Ben 20 alte 
p*2 
Proof. First of all, we shall prove that 


R [> z : 
e Sg ciim 

m pt+2 ins 
in D. For Osr«1 and for Ox|0|« x, write z - re^. By the minimum 
principle for harmonic functions, we have 


j k j- (eae 
Rel Leien e 1) 
wik+tp+1) £iktp4l 
Since a =1+ p< A, it follows from Lemma 10 that 
` k 
ES 
p*2 jak+pti 
Therefore, the peter (17) holds in D. Now, let f be of the form (1) and 
belong to HS, (n,à,p;a). Since 


pa ae pall :2) (Zelen Il J >a(zeD), 
we have 


1 c pAk BI "dee d 
Re41 ju pt Onno p> Z(zeD). (18) 
| ere B I gue kPa teen) 


for PEH GE we have 


(on (H; 2)+ X pa (Gz))/ 2" 
j uÀk Y( p* Ak EES k 
ipee CS eet 
- P(z)* "i 
where 
= 1 S e Es De Es 
P)» a Sut e DECH 
and 


Q(2)=1+2(1-a) (PUL ga 
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(50) 

By (15) we have Re(P(z)) »1/2. And, it follows from the conditio, Ce 

pe {1,2,3} and the inequality (17) that sh 

Z GEN f 

Re(Q(z))=1+2(1- disc E a) >1-2(1-a)—— Ge | 

Hence, by Lemma 11, we have 
ën (H ;z) o (G; ;z) p+l wl 
A H hp, G * E at E 

Re eet [eel =Re{P(z)*Q(z)}>1-2(1 a) ee Fi 

Theorem 13. Let f be given by (2) with b,=0 and let f € NHS, (n, ^ 15a), S 
Then the function F(z) belongs to NHS, (o. Au: p) , where 

( 

— Datei ( 
pt 2 fo 
The result is sharp. And, the converse need not be true. ak 


Proof. Let f be given by (2) with b,=0 and let fe NHS, (n, usa). The p 
by Theorem 2 with 5,0, we have 


cs 1 Ak NE n 
iJ esae i 
and n 
= S p*l kA = +1 2T 
Ne) 2 ch Sech Ge SE a f 


Using Theorem 2 again, if 


SENE UID CAREY pst ` 

ico EE ee 19) 

SCH d p. J D ) COME (up SEA 

then F e NHS, (n,i,u;0). Furthermore, if d 
c «1 (Pp +}) = : 
k+p+1 : 2 

for all k —1,2,3,..., then (19) holds. Since p, is an increasing function 0? k 
we have D 

l-o)(p-1) 

p:= inf p, =p, = SES eed) 20 

keN k 17 p*2 E 


Consequently, we have F e NHS,(n,A,u;p), where p is given by (20): ! Mie 
show the sharpness, we consider the function f(z) e H, given by 
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hen, 


(19) 


on $ 


(20) 
) ? Ju 


(51) 
Consequently, we have F c NHS,(n,2,u;p), where p is given by (20). To 


show the sharpness, we consider the function f (2) € H, given by 
p 
es qs zai 
f(z)=h(z)+8(z)=2? - er lan KE ot 
c eus) c e (ee 
p p p p 


where lx|-- [y] =1. Then, we have 


F(e)= H(2)+6(@)=2" - £35 0-2) ue 031 02) epigr. 
klen p+ klen 
e DUE D 
And 
E = 1 
teg, (Hz) «02, (6:2) AS, ,, Fr) 
pt+2 p+2 


for z — 1. Hence, the result is sharp. To show that the converse of the 
above theorem need not to be true, we consider the function 


z)- H(z ip) aa? ae 
F(z)- H(z)* G(z) (i se eem | mo 


where |x|+|y/=1 and o=1-(1-a)(p+1)/(p+2). Then, Theorem 2 
guarantees that F(z) e NHS, ( nh, uoc) . But the corresponding function 


f (a) E ` (zH(z)) + = (2G(z)) 


GEN +1 
p_P+3 (1-0) p Bae (1-6) poro 


sl 
" +1 
SS? c a (am S BECH (252) 
p p p p 


4 
does not belong to the class NHS, (n,A, vol, since 


5 "m n z UAR p^^ i _p+3 = 5 
GH PS) bn ll) ral Sago 
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ABSTRACT 

The aim of this paper is to establish new series transforms of Bailey 
type and to show that these Bailey type transforms work as efficiently as 
the classical one and give not only new q-hypergeometric identities, 
converting double or triple series into a very-well-poised ,,0, or 1201 series 
but can also be utilized to derive new double and triple series Rogers- 
Ramanujan type identities and corresponding infinite families of Rogers- 
Ramanujan type identities. 
2010 Mathematics Subject Classification : 33D15, 33D70, 05A19 
Keywords : Bailey transform, Bailey Lemma, Bailey pairs, q- 
hypergeometric series, Rogers-Ramanujna iype identities. 

1 Introduction. It is well-known that W. N. Bailey [23, 24] 
established a series transform known as Bailey’s transform and gave a 


mechanism to derive ordinary and q-hypergeometric identities and Rogers- 


Ramanujan type identities. Using Bailey's transform, Slater [61, 62] 
derived 130 Rogers-Ramanujan type identities. It was Andrews [3, 4, 10] 
and [9], who exploited the Bailey's transform in the form of Bailey pair and 


Bailey chains to show that all of the 130 identities given by Slater [61, 62, 


63] can be embedded in infinite families of multiple series Rogers- 
Ramanujan type identities. 
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After Bailey [23, 24] and notably after Andrews [9], a large number 
of Mathematicians have worked on Bailey’s transform in the form of Bailey 
lemma and Bailey chain to make applications in the theory of generalized 
hypergeometric series, number theory, partition theory, combinatorics, 
physics and computer-algebra (see[1,2,5,6,7,8,11,12,18,14,15,16,17,18,19, 
20,21,22,25,26,28,29,31,32,33, 34,35,36,38,41,42,43,49,50,51,52,53,54,55,56, 
57,58,59,60,64,66,67,68, 74,73, 70,69, 72] and [71] ). 

A survey of all the above mentioned papers reveals that the work 
done by Bailey [23,24] and Andrews [9] may be considered as basic and 
fundamental in this field. At this point there arises one natural question, 

“Can there be other series transforms of Bailey type, which not only 
produce new ordinary and q-hypergeometric identities and Rogers- 
Ramanujan type identities but can also be iterated to provide multi sum 
versions of the Rogers-Ramanujan type identities?" 

This paper provides the answer in affirmative. 

In this paper, first we establish two new series transform of Bailey 
type in Section 2 as theorems 2.1 and 2.2 and then using these theorems we 
derive five new q-hypergeometric identities converting double or triple q- 


hypergeometric series into a very-well-poised ,,0, or vo series in Section 


3. In Section 4, we establish the first Bailey type lemma and using it derive 
four new double series Rogers-Ramanujan type identities of modulo 7 and 5 
and embed these in multiple series Rogers-Ramanujan type identities of 
modulo 4k+3 and 4k+1. In Section 5, we establish second Bailey type 
lemma and then using it derive two new triple series Rogers-Ramanujan 
type identities of modulo 9 and embed these in multiple series Rogers 
Ramanujan type identities of modulo 6s+3. During the presentation of 
both lemmas in Section 4 and 5, we establish only, the main results 
corresponding to Andrews [9, 10] presentation of Bailey lemma. 

It may be noted that the double and triple series Rogers-Ramanuja? 
type identities presented in this paper do not arise as merely “one or two 
level up” in the standard Bailey chain from well-known single sum 
f . identities. Furthermore, the original Rogers-Ramanujan identities (see [39 
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45, 46] ) were also of modulus 5 but were single sum identities. A modulo 7 
identity with single sum is by Rogers [47, Eq. 6; p. 331] and as a one level 
up is by Andrews [4, Eq. (1.8); p. 4083]. Andrews [4] obtained his identity 
of modulo 7 by particularizing the general multi sum odd moduli identities 
to double series case. After comparing our identities with the results of 
references [34,35,36,55,56,57,58,66,67] and so forth, we can say that the 
identities derived in this paper are new and most attractive and symmetric 
among all the double and triple series Rogers-Ramanujan type identities 
derived previously. 

The main tools in developing these transforms are two series 
rearrangements (2.5) and (2.10). Some of the instances of use of (2.5) and 
(2.10) may be found in the works of Burchnall and Chaundy [27], Shankar 
[48] and Srivastava and Manocha [65, p.335]. The notation for double q- 
Kampe de Feriet in the eqn (3.1) and (3.3) is from [65, Eq. (282), (283); p 
349] and of a triple series (3) in eqn (3.5) is simply a q-analogue of a 
particular case of the Srivastava's general triple series [65, Eq. (14), (15); p. 
44]. In view of notational difficulties mentioned in [65, pp. 270-274], the 
double non q-Kampé de Fériet series in eqns (3.2) and (3.4) have been 
written explicitly without using any notation. However, notation of q- 
analogue of Srivastava-Daoust's series [65, Eq. 284; p.350] may be used in 
these cases. Remaining definitions and notations are from [33, 10] . 

2. Bailey Type Transforms 

2.1. First Bailey Type Transform 


Theorem 2.1. If Ban = Ys H. -met-mUnrmUtemtn-lM ten (2.1) 
and 
Ym = S KE (2.2) 
nam im 
then, subject to convergence conditions 
e OmYm = 2; D, (2.3) 
m=0 


where, a,,8, ,u,, BA and w, are any functions of r only. 


ror? 
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Proof. Observe that 


Lë L 4 T ; , ; 
>) OY = ` by > Kiffer wellt. Unna ba GM (2.4) 


m=0 meOneml=m 


If this double series is convergent, then using [30; p.10, lemma 3], viz., 


c æ min(n/) 


Y YXYXA(nn)-Y ES A(m,n-m,l-m), (2.5) 


m=0 n=0 [-0 n=0f<0 m=0 
in (2.4) after the replacement of n by n+m and ofl by l+m , we get 


o æ min(nJ) " 


o 
! ! ! SH H 
EE = x» p. 0, 0,0U, wll nUsnUhim tn Aten E M "NUT 


m=O n-01-0 m=0 n,l=0 
2.2 Second Bailey Type Transform. 
Theorem 2.2 


min(nl,h) 


=A H H H D 
D B(n,Lk) EX ` QU, m Ké m Vim Diam Diem Ukam (2.6) 


m=0 
and 
e [A Géi 
Bi ton D " H H 
rs E E 2. 2, 0,0j0,U, meer -mik -nUn «mn Dy imkam (2.7) 
n=m tzm kam 
then, subject to convergence conditions 
Ka Ed 
= BN ) 
Qum E x B 1,595919; (2.8) 
m=0 nl ,k=0 
! t Li n S 
where 0.,,5,,U,,U,,6,.,W,,U,,5,,u, and v; are any functions of r only. 
Proof. Observe that 


d © o om oe 
a Y = a $ ton n n , z 
2 mim 22122 m? POOR EU e UT Un vm ltz tan: (2.9) 


If this double series is convergent, then using [30; p.10, lemma 3], viz., 


o o z min(n,k) 
»» 3 A(m,n,L k) min(n,Lk) = 3 A(m,on-m,l-m,k-m) (2.10) 
m=O n,l,k=0 ny, kso i : 


in (2.8) after the replacement of n,| and k by n4mj--m and kt 
respectively, we : 
get 
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(57) 


o e e min(nJ,k) 


o 
= ton D LA 
D Qm 22) 2 On H 9, Aën, m Um U,- m U, +m D ES 


m=0 n-0 1-0 k-0 m=0 
a 
— Cn 
= B, 199,919; 
n,l,k=0 
Here, it may be noted that in these two theorems various new sequences of 


other combinations of involved summation indices may be introduced in 


Binn) or Bente) and y,,. But we have presented these theorems with only 


those sequences, which have been used at least once in this paper. Further, 
it may be possible in many cases to decide the new expressions for 


Apy Ò, Up Ux, 05,4050 


PITIT 25713772 0*2 


8; ,u7,U,,L, and w,, which yield closed forms for HB. or 
Bena) and y„ using one or more of the known summation theorems. Thus, 


many more new results may be discovered. But we have discussed certain 
cases which use the well-known classical summation theorems [33, 
Appendix, II. 5, 6, 12, 21, 22] only. It may be emphasized that there may be 


other various appropriate cases to have the closed forms for fj, j 9r Bun 


and y,, in Theorems 2.1 and 2.2. 

Further, many series rearrangements, similar to (2.5) and (2.10), 
may also be utilized to discuss other Bailey type transforms and their 
applications. 

3 New q-hypergeometric Identities. In the Bailey type 
transforms, discussed in the previous Section as Theorems 2.1 and 2.2, we 


- t Li t 7 
observed five expressions for a, ,8, slp Ups 0,07, ur, Up t, and w,, which 


yield closed forms for Boo or Bente) and im and lead to five new q- 


hypergeometric identities. 
The identities are as follows: 


99. peq; EC 
et d 


1:2:2 


ga be" . ga Bea” eq 
a 


d’ a d 
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(58) 
Gas al E e a) aight tN 
No C Ju b E i ds CM Tg gy bcb'e'd ) (3.1) 
a qa 
qa, 1a) C 
bc M b'c N 


Aaq'™ qa zd 
A AB E Tc ee CIE 
RJ Kai e CL pu uo v gw XT 
n-l ns 


a 


El Lee, 


EE SZ 
à EMEN UA gé 24 br AB. x 
Been, De a a P 
Bag™™ qa $ | 
ra B,b' C= DH D H ý geg 
E qvB, qvB, , Biel A qp Jas q a? 
pM an WT as ne à 
D D eu ;q), Leg 
Lë SE, X cq ren = Bar x el (a q) ( ) 
b a a ; 
ga 9, P p 92 9a «B 
(eee, el (ar eno Um rope i 
C gs e E pcm ETE : 
ES) 14N 
EE er) (3.2) : 
[e [6 
1 14N [NC A 
n ; opis E Ee, Se 
Dee M o, ^ ;qd 
Wéi Bitze 
me = UP, D, e mu ID 
qa qa. ; qa qa qb 
pr? af? pL, =; 
Uer g MG 
, qb' qb' qa. 
a mue do ge ; 
e bic! Gel E b’ ei be Ca: 
, gab! SM 3 
on (aid. is TTE SC I (3.3) | 


b' ) 
E? pul Wi 
: Y E n-l (al, 
| eS (gi.s (qa;q), , 
n-l 
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a be a Ae 


Se 
7 7 ba" b'c' qb’ w, iert beg! ae. 
Le: Jb’, Seed -b dl 


A CA oe 2.729 


su VW aq” fae a 
elt a Ae 1, 9€. Pag bog” ga "nl 


ees el 


14M 2:M 2N 
Ges M a - «(s en 2 
1 


A S b' 
qA, EE id A qa qa 2 
b b c N 


4,94 94 gA Lan E E Ea) 
, , af a, s 
TEE cr ae 


2 LN ab’ 1+N f ei 
11W me zu. EH (3.4) 


E Bees brooch 
qo beq® b'c'q* b", eat 3959, q,q 
So OR M5 == MN 


ga qa.) (aa qa. EH 
LEES b dj 


a‘ N+L+K+4 S ; 
n N Q- -K, j 
Wa Let ,q Nq SE KE bcb'c'b’c" ` ( ) 
Proof of (3.1). For the choice 
EEN 
-r| 94 
(a,qVa,-aVa,d;q) a ES Zeit 
Hz One beg ™ 
(ya, Gc “does a) ( a el 
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and t. =w. =1 in (2.1) and (2.2), the q-Pfaff-Saalchutz sum [33, p. 237, (IN anc 


12) and the terminating very-well-poised b; sum [33, p. 238, (II. 21)] can Doi 


be used to have 


Boy = 
P ; dE cl EE 
(s). d a) ( d ol 


Proof of (3.2). For the choice 


(eos 


[o = 


e a, s " 
(ava, ahh pe ae d 
SE g 
Lo. aer Aq; d 
14N 
D -qVB,b',c, Zi el 
"EE 
CN g g pe ;Bq EN, 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


qa gar ees gar fot ES.” -N -m° +m 


1 SA 
qa qa qa ga ga ga agiM ag, ) 
a, 7—5 a, 13? ^r d D , D 
(s bc di (s b'c a) ee b’ 'b A E 3 m 


Substituting these values in (2.3), we TM the result (3.1). 


M 
2 A 
a q^ 
[4 


Ben, 


an« 


Ym 


an 


(61) 


A á B 
E =; r 
(959), (aia), 

and £, =w, -lin (2.1) and (2.2) and using the Jackson's q-analogue of 


Dougall's kb sum [33, p. 238, (II. 22)] we can obtain 
A AB qa qa 
SR SSC A. 7 D B,=— , 
p d a) { a a} ( B ell A 2 n AB i 
IHC E ( » E ; ) E q 
B q Ld cK e Gq le: 45d f 


qa qa qA, qa qa qB. ) 
A SE X41 2077 ULDU 
(s "b'c' be d G Od be 
In" 1. gÀ aA qa qB qB qa. ) 
(04 e ; 073 1823 7T 79d 
DC CLE DICEN. 


Aaq"'* -M pra Baq"" SN. 
ie » Ké D aen mr EU D 9 \m 
Lee) e 
-M 
qa qa beq uM qa qa bcq^ entia 
| b D E D A ,0q Un ms 1? B 4 
Substituting these values in (2.3), we obtain the result (3.2). 
Proof of (3.3). For the choice 


(a,qVa,-qVa,d3q) a" Ki 


SE 
(va, alae ^ ol 
ag" ys Be BE) 
i C ema 
= o ED 


r 


: D D qb qb' bg y e 
CER 
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0 == 


(69) 
es (ca 5), and ¢,=1 in (2.1) and (2.2), the terminating very-well-poige, 


vi, sum [33,p.238,(11.21)], the g-Pfaff-Saalschutz sum [33, p. 237, (Il. 12) 
and the Jackson’s q-analogue of Dougall’s 7F6 sum [33, p. 238, (II. 29) 


leads to 
b, 22. Ca n+ 
| d 3 n+l = d n+l q l 


P, np M B D" -M 
ny D 'q - ny b 1 a a 
ag, ue dai aq,- e! jq ES — 1; a) EE 
a n+l g n+l d z d d 


and 
Ex) (w, 2 E, a) 
b M 
Y = 2 —————— a 
e e Z Bq 
quid qa , , 
Cc 


LAN 
(hoe E E ta) 


-TENN a J -m* «mM 
rat q 2 
e, qa ga beq™ Aug aww, a) b'c 

D 


b c 3 el 3 D —7 44 ,8q 


Substituting these values in (2.3), we obtain the result (3.3). 
Proof of (3.4). For the choice 


a? 14M VS 
[re 


b'c' aq 


a 


TE SEH 
'q 14N 1g D 
[a B, -q0 be, 2 go Ee Pr. e 
5 ee 
EE beg yy en, à 
| o vm 2g “a 
b 
2 gM. b, 
E pi... Dal 
(a Na Ada)" [vert | (neg A 
S r a i Aa jd E 
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: 


Us 


in C 
(II. | 


m 


and 


Ym z 


(63) 


Bdge ee A 
i A cl, Ei d 
(ga;q), (a;q), Gay 


in (2.1) and (2.2), the Jackson's q-analogue of Dougall's be sum [33, p. 238, 
(II. 22)] gives rise to 


a ' b'e'q qa aA 1+M 
—i b: a ZE, que. 
E a) ( 2. A D A jq j AF Dë el 


e b'e'q™ ! 
Boy = M "e 
1 qa E A b'e - Biel -M 2 
Ga (ax), E «| | 2 did si 
n-l n l 


A 


and u’! = 


qa qa qA ,qa qa ob 
A Y DER Deg 
E b c bc d E b c bc d 


Ta = M—--— ALL EE 
( el l a $ qU qa. 
b c' b'e E N 


p 1+N e 
Ee q",q E) 


bc d EI 
-N b si 
qa qa qa beq DM bN, 
| be B ,aq 00 el 


Substituting these values in (2.3), we obtain the result (3.4). 
Proof of (3.5). For the choice 


_(aava,-avaiq) angl ES (b,c,4™;a), 


: (Va,-a,a;a). i a) 


y (eil (eaa), 
E t.t -L ? PT. non -K S 
b'c'q i É Géi el 
a | a L 
1 WT Ed 
=v =y"= d =u,=u,=7_ yy? 
H =u U (qa; a), , and 4. (34), 


in (2.6) and (2.7), the q-Pfaff-Saalschütz sum [33, p. 237, (II. 12)] and the 


terminating very-well-poised sP; sum [33, p. 238, (II. 21)] readily yields 
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nilek 


p == (qa;q), i. q 
(944) = (qa3q), (4454) yy (0839), (3:2), (4:4), (4:4), 


and 


qa ga. | (aa qa. (g x] 
Mac En : (ae d sa] 
Cs jq q "ye? I q b"e”? X 


EN uos e] 
(geg de Ga gà AH ag! ag; a) beb'c'b"c" ) ' 
Cc c c m 
Substituting these values in (2.8), we obtain the result (3.5). 
4. First Bailey type lemma and applications to Rogers- 
Ramanujan type identities 
4.1. First Bailey Type Lemma or FBTL. 
Theorem 4.1. If for n,/ >0 


min(nJ) o 
De zi m . 
m=0 Lea), (a; q). -m Logo), m (aa; Drm 
then 
= a! 
Bin, = m ^ 
KS m=0 EI (a; Vim (29;¢),..., (2959),.n 
where 


aq? Y" 
b, oe S TE 


Ce = 
(em; qa ga qa 
b ? c "b H el Cl 
and 
b C; qo qa toate qa. 
GNI aro [qa qa. ee eae 
EL MM (za) T L.a) (qa) 
b c u M-n b > c Dé 5 39 Lë 
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4 


(4.1) 


(4.2) 


(4.3) 


an 


N 


mit 


(65) 
related by (4.1) may be called as a 
“first Bailey type pair” or “FBTP” and the Theorem 4.1 may be rephrased 


Remark. A pair of sequences ER Bi al 


as: If Io, Bal is a FBTP, so is zz? where this new FBTP is given by 
(4.8) and (4.4). 


Proof. To prove FBTL, we apply Bailey type transform (2.3) with the 
choice: 


Kn Cram Garay COT IE 


a 


and t,=w,=1 then as in the proof of (3.1), we get 


qa qa, | (qa qa i 
4 b D B el EX: SET Sch (b.e, ba "a ;q). q" +m ES MAN j 


= Wit EO ga qa qa qaqa uw uN 
a, ; a, ; D 3: wt? , ; 
E bc d (s e dk E a) 


m 


Now we can prove (4.2) as shown below: 


min( M,N 
(M,N) a, 


Zi (aD mp (GD) T apm Logg 


e ; aq? m 
min(M,N) (b,c,b af sl Ee an 


42) = EE 


m=0 E g2. ge qe "m (459) sym (5a)... (2a : T) Logg, 
b'c'b'c » 
1 


4.1) 


En 
Loo, ga, (qa,a;a), 
min(M,N) (b.c, Be, quic qe q 


Ach E E. ga. "Pm (a:a),,.,, (35a)... (2%) sem (ege), 
c m H 


4,3) 


2 
-m* +m 
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qa. E 
Ech: Get MN 
EE S, rn A5 (by Theorem 4.1) 


qa qa 3 qa qa e n=0 l=0 
NI 19 Arr 9 DY 
[ b c zu | b C N 


"Bai 

The last line follows by manipulating g-shifted factorials, which 
reduces the previous expression to (4.4). 

Now to derive Rogers-Ramanujan type identities, we need the 


following result obtained by substituting the values of o, and D. from 


(4.3) and (4.4) into (4.2), viz. 


tale) (Eleal) Ei, 


nizo |90 qa s GR) Ghee. : 
CE sc (959) yon (zem 


2 2 m 
min(M,N) (b,c, b, al, Les 9, 
- £4 (qa qa qa ga E 
K 2 EU Look, Leah, Legal, Legal, 
Now taking b,c,b', M,N — o in (4.5), we get 
23) a™'g n ED E er Dn o Sr (4.6) 


n4-0 a 


for any FBTP KEN Now, we shall make use of the following tW? 


“FBTPs” deduced by us : 
aq), (1-aq"), .,, : 
a, = ( SC E JA ang än m D i. 1 (4.7) 
4), (458), (a4), (%9), 
and 
: CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 
ee ef 


d 


ch 


he 


m 


wo 


(67) 


A, = 


(a;q),, Log" m 1/2(m?-m a 
Leg, Da JA ST Si Bee q (4.8) 


(aia), (1-2) 1 (qa;), , (q;q), (949), 
The fact that "FBTPs" (M given by (4.7) and (4.8) satisfy (4.1) may be 


verified by substituting them in (4.1) and then appealing to terminating 
very-well-poised ;$; sum [33, p. 238, (II. 21)] and taking d >œ or d —0. 


4.2. New double series Rogers-Ramanujan type identities 
and corresponding infinite families. To derive Rogers-Ramanujan type 
identities, we insert the ^FBTPs" (4.7) and (4.8) in (4.6) to get (4.9) and 
(4.10), respectively, as given below: 


e ag 
n,-0 (qa;q), (a:a), (49), 


(ag;q), mo (aa), (1- a) 
n nil n? «nl 
EN EE € 
NETTE q), (a;q), 
T 1 : 2 (a; q),,(1- ui jeg emm (4.10) 
Logo m=0 (q;a), (1- a) 
and then setting a—1 and a=q in (4.9) and (4.10) and using Jacobi triple 


product identity, we obtain following four new double series Rogers- 


Ramanujan type identities: 


n*4P 


E 1 o TENA 
q » Inm eom (4.11) 
DENE), E), miaon 
1 


EJ q Zant a eo (1 e q" ys (4.12) 
ero(^;q). (459), (a:a), E EEN 

SE D EE (4.13) 
njz0 CR Ire q), (q;q), (a 39 q), m=lyn z0,22imod5) 
and 
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_ - 
(68) 


n* «P «nsl«nl 1 » 


a -1 

- . 5 e (1-a") , (414 (b 
2 (aa), (939), (939), (q^;q), m=1,m z0,*1(mod5) t6 
Further, like classical Bailey lemma, the idea of repeated application of 


FBTL may be expressed in the concept of the "first Bailey type chain.” 
Given a FBTP (a Ban) we can by FBTL produce new FBTP Io. 


m? 


defined by (4.3) and (4.4). From (Ban) we can create Kail merely f 


l 
by applying FBTL with (a, H (n ji as initial FBTP. In this way we create a 
sequence of FBTPs: cK 
kp => (an Ban) > > (a, BF (n o = La Bi (n, a >. Wir f 
and call it “first Bailey type chain”. Using this chain we can establish: d 
Theorem 4.2 : 


T. 
TEE 


(bi;a), (ea), (roll (C259), -+( 


m CaN), aia), (eid), Ja, (ca), — TI 
aq aq 
E ` " ` e [<2 ! zl EE 7 Gel e d 
Loi: a^ SH nj: 
(as rr er C... Deh es b,c, T «7 q an 
are (es) (sa) P 
SEEN NEG e T 
E E E E T 
k M C, M k N C; y " 
(ba), (e), -- (5), (csa), » 
nj2...2n, 20,2... 5120 (aia), .,., (a3), on, (qd; q), - 
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(69) 
(6159), (e), (65a), (cza), (754), — (aia ) 


FOI? (GQ) ts (aa), , NC um 
ny l 


a 


aq aq 
eg |g 
e- Jl nya m > 
aq aq 
Col Ez) Ez) Ki 
Kä n; Chi nj b, Ny 6 Ny 
a 
Lol SER 
b, Ch LA ic l-h 
EE Ex) Je Kä 
Kä lj Ck l; 1 l Gi h 


Ny tytn th th ttl, a™ $y tty pth th tti 


-nyi -ni pr ot ya Ch 
(ox) pem lo.) (Ga) (OG) Ban: (4.15) 
Proof. Equation (4.15) is the result of a k-fold iteration of FBTL with the 


choice b=b,,c =c,,b' = b;,c' = c; at the i th step. 


Theorem 4.3. If (aBn) is a FBTP (i.e. related by (4.1)), then 


a 


22 2 og 2 
runt slo ssl, np sng t.tng thy +h Et 
DT WI i E Br) 


í (Gia) (a3), i (a), 


1 - 2hm* y 2km (4. 16) 

(aq;q), Ge 
Proof. Let M,N, Dy yoy 0,6560 
Theorem 4.2. > 
Theorem 4.3 may now be used to embed the double series Rogers- 
e n an infinite family of such 


= QUE 


m 


Ke, all tend to infinity in 


Ramanujan type identities (4.11)-(4.14) i 


identities : 


y 20.2. Ab 
nd end sni di dpi 


Do LI Ke cx een PEE 
n2. 2 nj 20, »...120 (arg) eee SR (a; Fer: SE ee 
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o -—-—»—ÓÀ 


(70) 


1 1 I e $3 q” L (4 
BEE ian) > 17 
(aa), +h (959), (9:9), (9:9), m= lun =0,4(2h+1)(mod 4k+3) ) 


e a oo 2 P 
EAR 


Bech Jee, (E)n GDa-t 


(q°3q) (aa), (a;a), (q^), m=1,m z0,*1(mod 443) 


ny +h, 


ae Y 2 7 
nj «nd 3.eng Mi +3 sel enl By 


ur Local, -nja (ma), (459), 5. (G9), lh 


1 1 -1 
EE eg Ia: (4.19) b 
Local, E (959), (434), EL ) ( 


and 
n2. 2n, 20, 2...1 20 (959), n (a5), n Local. (GQ), Re 
1 1 e E Ks 
oo 97 [en . (4.20) 
(4:6), ., (a:a), (99), (a:a), a a ) re 


Equation (4.17) follows by using FBTP defined by (4.7) in (4.16) and then SI 
invoking to Jacobi triple product identity after taking a=1. For (4.18), we P 
follow the same procedure with a=q. In the same way we establish (4.19) ch 
and (4.20) by using FBTP defined by (4.8). 


ô 
5. Second Bailey type lemma and applications to Rogers ; 
Ramanujan type identities. 
9.1 Second Bailey Type Lemma or SBTL. a 
Theorem 5.1. If for n,l,k>0 
Sos ——— INC NNNM 
(n4) — 5 i - 6) 
mb (5a), n (44), (a), , (22:3), .. (0954), Tod E 
then N 
min(n Z,k) ; ve 
Binsa = ~ 
(nk) E (5 


hin) hn NN 
SC (ai), ,, Local. (a:9), ,, Local, (2a;q),.., Local, : 
where 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


bis. a 


TS 


(71) 


3, 3 


(b,¢,8',c',b%e%sq) | SC | 
m bcb'c'b'c" m 
QUT (a (5 3) 
KE qa qa qaqa qa. : 
bc ps po qM 


and 


n 1 
b,c3q (a) (£) bei E) E 
s i o les) 23) TAM miti 


Dain 202 
d o (494 qa, SCH du dos m) 
SE el ec, 3 (z, ria) (a), 


nL ,k= 
c 


(5.4) 


Remark: A pair of sequences EE E xil related by (5.1) may be called as a 
“second Bailey type pair" or “SBTP” and the Theorem 5.1 may be 
rephrased as: If Iesel is a SBTP, so is (aBa) where this new 


SBTP is given by (5.3) and (5.4). 
Proof. To prove SBTL, we apply Bailey type transform (2.8) with the 


choice: 
lorra C (b^,c"a N d : 


1 


=a, = See eee r^ mon -K 
Bu SEN KE el 
GRE a ` a 2 


then following the proof of Theorem 4.1 we can also prove Theorem 5.1 . 


Now to derive Rogers-Ramanujan type identities, we need the following 


result obtained by substituting the values of o, and Bn from (5.3) and 


(5.4) into (5.2), viz., 
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(79) 


3-5 m 
( Vu Ms CAU 
min (N.,L,K) (b,c,b d ,b JE al, E 


2 (2 qa qa qaqa qa. 


hie m * gt pg 


DENEN GEN GaG\. (acc). (age). (5.5) 
Lal, EIS Local, Log al, +m (2959), om Logo), 
Now taking b,c, 0',c’,b",c", M,N — 00 in (4.5), we get 

J qaas nsa = EN. ` 3m „3m? (5.6) 
D q Binas) Legal 2 d Amn | 


for any SBTP (ee Now, we shall make use of the following two 
"SBTP" deduced by us : 


= 2m r 
a (ma), aq Jm ere 


" — (a8), (1-a) 


3 


CIN 
9434) u (403a), (050) a (0:9), (454), (459), 


The fact that “SBTP” E sl given by (5.7) satisfy (5.1) may be verified 


Ba = ( 


by substituting it in (5.1) and then appealing to terminating very-wel! 
poised ,®, sum [33, p.238, (II.21)]. 


5.2 New triple series Rogers-Ramanujan type identities ani 
corresponding infinite families. To derive Rogers-Ramanujan tY? ; 
identities, we insert the “SBTP” (5.7) in (5.6) to get (5.8) as given below: 
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Se AE 


12) 


two 


(73) 
a n+l+k  n* sl 4h? F 
ëelëegl, (9059), Kg (aq), (aq), (za), 
1 z (a;q) (1-ag?") RS 
= 7 ES TNE E Ži m ` Am / (9m -m) (5.8 
Legal = (aia), (1-a) (-1) eo 
and then setting a=1 and a-q in (5.8) and using Jacobi triple product 
identity, we obtain following two new triple series Rogers-Ramanujan type 
identities: 


nl k=O (G9),,.1 Lo Dass (GQ), (9:4), (i), oc 
1 Ke 


z = NOE Jos (5.9) 


(3:4), EAN 
» NEN 
«ato (a 5a), (a^a), p (a 5a), , (aa), (0:2), (G9), 
..1 mM AE (8.10) 
Wel m 


Further, like classical Bailey lemma and FBTL, the idea of repeated 
application of SBTL may be expressed in the concept of the “second Bailey 
type chain" a sequence of SBTPs: 


I) > Pl > Le. Baal 3 Sean EE 


Using this chain we can establish: 
Theorem 5.2 


(5a), feel (O25 Dn (ea), (552), (C53 Dn 


2 
mo) OF a | | Big Ze (254 e) (a) 
b, n € m b, m Co m s m s m 


(85a), (eia), (85a),, (C DCD (ca), 
aq 


aq k 
aq. aq. aq. Sal A. 3: Së 
(E) (2:0) (0) REIS 
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(Kol, (cna), (Kal, (ca), JE Dn (54), 


aq aq. aq. aq. 4 aq KE ) 
FER - 5 "3 7 Ha sl D q Lë 
| by «Jl e dl b; dl & m b; m Cs ur 


CHCH Ae hehe ..b!elbter...b'e" 


aq. : aq. 
= SC; i Se L Ge t Px 
ag aq ag. Vie | (aq, | (aa. 
qo —3Qq Ze ` «| KE | " «| to 
b, Jl C, | | b, L C; L b, K Cs K TI 
(559), (e.a), (bia), (ca), Ra 
n, 2. 2n4 204,2... 21 20,5, 2... 5,20 Local, naa EAR Ee ABD an ide 
(5a), (655), =- (ba), (ea), (05a), (65a), (bia), (era) 
(aia), da (454), rhe (a a) aCe a), -h,. ADD), i. AGI), 1 ae 
Wal (sq), — (a8), [ a) | Je a) (q 


DIEN EN a ar a (ep. 
Der. KE —3q CHE E AOE oo ay E d 
n, q L g k, bs- n, Ca n b, nz a n 
an 
aq aq aq 
tee 1C! sl Je ra) E A SE) 
s-l^s- LA kA 1 k-k bici KA 


ER CH 
HS 
E «| (23). (s) (s d E ;q| | ol ...| 98.6 zm) 
8-1 Lei L C, b S Coy k E 5 ĉi h 
qi antl byte thy eso, sg Pieter, vlde thy thy Ska (a 


(565) 7 (6) " 0556.) (Bel) (Bach) (Be) By py ED 


Ke Equation (5.11) is the result of a s-fold iteration of SBTL with the | 
choice b=6,,c =c,,b' = bic = cb" = bc" = c" at the ith step. 


Theorem 5.3. If Ee is a SBTP (i.e. related by (5.1)), then 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


5 3 E x 


(75) 
KC 
Test ` EE 
A nts lte hoo (030), n (aa), n Local l -(3a), : 
aed 271 
ny Ng eee lyon ee n 
a Pia) 
(q; a), -k.a (G4), Ra 
1 : 3sm’ 3sm 
EE q D ite | 
aay 2, S (5.12) 


Proof. Letting N,L,K,b,,...,D,,0,,...,6,,0),..., Balgeet all tend 
to infinity in Theorem 5.2, the proof of Theorem 5.3 follows. 

Theorem 5.3 may now be used to embed the triple series Rogers- 
Ramanujan type identities (5.9) and (5.10) in an infinite family of such 
identities: 


menner 


> eee. SS ee 
n,2..2n4 204,2...21 20,5, 2... 20 (959), 9, (qa), (aa), ; (qa), , 
(aa), ., perle 
(GO), Log, (aa), (Enen (8:2), 4, (Gn, (GI), (G9), 
— II (us (5.13) 


2 
(a; ol m-lmz0,:(3s«1)(mod6s«3) 


and 


REO IT: 
11,2...2M) 20, >..2 20, 2. 2h, Ea E Dmm E Dra Eya 
qe (a:a) 


ny +l, +h, 


1 z nyl a 
ES T 
Et m=1,mz0,2(mod6s+3) q ) 


[^] 
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ABSTRACT 
In this work, we define a generalization of Lupas type operators for 
two variable functions and prove the Weierstrass approximation theorem 
for two variable functions in a rectangle. Then we analyze some of its 
special cases, properties, relations and applications in finding out the 
generating functions and Lupas- Durrmeyer type operators in two 
variables. 
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1. Introduction. Lupas proposed a family of linear positive 


operators mapping C[0,») into C[0,0), the class of all bounded and 


continuous functions on C [0, 00) in the form (see Derriennic [ 1]) 


L ES ei x $) where x € [0,0). (1) 
(L,f)(x) d ee d 
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= 


(82) 
Here the continuous function f is given by f : [a, b] > R;a,beR and f be, qm 


uniform limit of polynomials on interval [a,b]. (See Weierstrass [9]).Th, 


Z 
Wee, of the function f is that for any e» 0 there exists 8 » 0 such that 
IF (x) (y)|<e/2, for all x,y € R with |x- y|«9. Again, Sahai and Prasaj N 
[7] m a modified Lupas operators defined for functions integrable d 


on [0,00) given by 


L " n+k- k P 
(M, f(x)» (n-1)Y; Pal) h Pre (oF (0) oy, Paw (t) = | jo 


A 1 £o 
Recently Kumar and Pathan [5] defined an operator 
H,f (x)= dd rail z pe where a probability density function g(x)is 
such that 
K g(x)dx=1,otherwise g(x)=0., (8) 


and obtained the proof of Weierstrass theorem [9], on extending the om 4} 
variable function f to a bounded uniformly continuous function on R, by 


N 
letting H f (a) on an open interval (a-1,a), CEE) --fü r 


x-b 
over an open interval (b,b+1), and f(x)=0 for all xeR [a- 1,541] 
Then for further analysis they set the density function as t 
iiie à i 
g (x) u lim, ,, c 2409, xx" H di f 
where A, (Vn 2 0, Vm > 0), is a bounded sequence, I 
On), E 


-0smsn, (8) 
and for m » n, there is Lal =0, the constant C may be determined H 
Eqn. (3). 


On appealing Eqn. (4), they [5] also obtained a generating function that w } 
now extend in the two variable operators 


F(x,y)= ex feno n), zi E =| ku »0,x e R,|y| <1 d 


Ry 
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In the set of polynomials given jm Eqn. (5), on setting 


(a+(B+1)n)! B l 
a= EE CET following generating functions fo ly|<1,f e[a,b], 
vx,a,be|R has been obtained which is equivalent to the binomial 
distribution approximation operator V(x, y)e[a, b|x[-1,1],a,beR 


rea Ent edo roy Bracket 


n=0 m=0 n-m 2 
V(x, y) e [a,b]x[-1,1],a,b e R. op 
Now in (7), making an appeal to the Theorem due to Brown [1] on setting 


C2 y(14 C)" and ¢(0)=0, at x=R, our result becomes Volterra type 


x-u 


integral operator for the kernel K (x,u) - 3 Sat | e 
n=0 


0 


2n 
in the form 


dea gg Cond) axe pl «1 (8) 


Motivated by the above work, in this paper, we present a generalization of 
Lupas type operators for two variable functions and prove the Weierstrass 


approximation theorem for two variable functions F (x,y) defined on a 


F(x,6)= 


rectangle [a,5]x [c,d], V(x.)e R?,a,b¢R and then finally analyze some of 
its properties, relations and applications in finding out the generating 
functions and Lupas- Durrmeyer type operators in two variables. 

2. Weierstrass Approximations for Two Variable Functions. 
In this section, in order to describe Weierstrass approximations for two 
variable functions, we define a transformation formula for a two variable 


function F(x, y), (x,y) € R^ in the form 


ue u-x v-y h 
AF (vo); hon] cl E E ; z edo, whe 


kk, > 0. 
A probability density function G(x.y )is defined by 


(9) 


sl: 2 a0 10 
fel G (x, y)dxdy =1, otherwise G(x, y) - 0. (10) 
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First, we state and prove the following theorem for any two variable 
continuous function F (x, y), V(x, y)e R°: 

Theorem 1. F(x,y) such that F(x,y): [a,b]x[c,d]> R";a,b,c,d ER 
V(x,y)e R?, then F(x,y) be a uniform limit of matrix of polynomials on a 
rectangle [a,5]x [c. d]. 

Proof. To prove this theorem we perform two steps and then using results 


of Step 1 and Step 2, we approach to the proof of this Theorem: 
Step 1. Since with aid of the density function G (x,y) given in Eqn. (10), 


we may put 


l rer u-x v-y 
(s) Ere 7" | auan where k,,k, >0. (11) 


Therefore, for any k e Max{k,,k,}, letting |u- x| «8, and |v-y|<6,, and 
taking 5, € Min{5,,5,} such that IF (u,v) -F(x,9)| «e, /4, 
|H{F (u,v); kisko, x,y} -H {F (u,v); hy bell <e,/4 and |F (x,y) < M12, 
V (x, y) e R^, we define the operator 
L rp u-x v— 

HAF (uv); by, Ry x,y} = , F(u,v d ? tudo (12) 

{ } (ky | ( ) hy hy 
Then, with the aid of Eqns. (9), (11) and (12), we find that 
|H {F (u,9); sx y) -F (x,y) 

En l rte u—-x v— 
AUT Kale F(u,v -F x,y d ; dE 

4 (ky) IJ ) ( ) hy ky 


€, 1 


S 4 Ds (k; D s jac. |F (u, v) 2n (x, y)G | Se z) dudu 


pb Pe) -P e| 


z= 
SI 
R 
S 
jı 
< 
Š 
& 
imd 


En Eo SME u-xX v-y 
4 d 4 Wr jm Lass Jawa (13) 
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), let (u-x)/k,-& and (v- y)/ b, =n, ie. 
u- = k é| and lv- y| = kyn and then due to Eqn. (12), we have &,/8, EEN 


Now in above Eqn. (13 


and ky / 9; Inl 2 1, and therefore we obtain 


MILT 
|H (F (uso) sss y) -F (y) GS M t 


é||n|G (é, n)d&dn .(14) 


"n 


3 


Now, in relation. (14) on defining KA Ki m | EM. 
S mns 


derive 


IE (P (uo); Rss y] -F (x,y) < 


M(t) pe p M(EY ro re 
2 à : [as] s Ene (En)déan+ ; : Js f a &nG (-6,-n)d&dn. (15) 
0 "TI d x 


4 D (ô) S i, 
et -G(E,n),G is odd, o p 
A —G m = d D 8, G , d d 
gain if | G(-&-n) etd dd an . s |, s en (& n) dédn 
= L(8, / b, 8, / b) « «o, from Eqn. (15), we establish 
So ,G is odd, 
2 
H F u,v kiska% y -F x,y) € Z (16) 
| { ( ) 1»'*2 ) ( )| Eo SE iG is even. 
2 (0a) ko ko 
. ô € . 
Now letting k — 99. |_—___—2—— in Eqn. (16), we get 
nS fo 779 4 ML (8, / k50 / Fo) 
So G is odd, 7 
IH {F Quo), ss y) Fm) e] 2 e 
ey iG. js even. 
Therefore, for an arbitrary €, 0, we obtain 
(18) 


HiF(w,v); hu y] Elsa) 


Step 2. Here, we extend the function F(x,y)to a bounded uniformly 


: ; a i with the 
Continuous function on R*,Vx, yeR. This is accomplished here 


aid of following extended function. 
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0 - 


(86) 
ret Eat) vie Au is fixed on interval (a-1,a) ay 
x-a S 


= 
— 
8S 
Lei 
— 
l 
= 


bel ott is fixed on open interval (b,b+1), agai, " 


8 
J 
o~ 
Z 
eo 


F(x,y)- F(e,y) =F(c,y), for fixed y on open interval (c-1,c) ad P 
x-c í 
F(x,y)-F(x,d) =-F(x,d),x is fixed on open interval (d,d +1) ani a 


F(x,y)=0 forall (x,y)e R? \[a-1,b+1]x[c-1,4 +1]. CG 


an 
Then, particularly, let F (u,v) =0 for |u| > R,|v| > E, E > 0, so that from Eqn, 
H 
(12) we may write | 
1 (RR u-x v-»y Th 
: = F (u,v)G ‘ dudv. 19 
REX hon] (GI E -R (u v) hy D ) UQGU (19) lu 
Again, let G(x,y) = Dm, pa Y » (7 L (7n; Ne A[m, n; m;,n;] oo yz * 
m,=0.m,=0 S o 
Fir 
where A[m,n;m;,n,]|(n;20,m;20,Vi-1,2) is a bounded matrix ant iF 


=i m l 5 
(-n) = <m<n, and for m>n, there is (7n), = 0, and C is anj D 


constant which may be found by definition of probability density functi Or 
G(x,y) given in Eqn. (10). Also, for all |x| < R, < R, and all |u|< R, <BR" pr, 
have ju-x|<2R, and for all || s R, « R, and all ||| < R, < R, we ha Re 
lv — y| < 2R, so that, (v-y)/kl <2R/k,,R=min{R,,R,}, hence then on th’ ag 
square [-2R/ ky, 2R/ hy |x[-2R/ky,2R/ ky] , for an arbitrary e, we get an 


Za GO 
1 u-x v—y 1 np m zu = 
EE. a E : u-x v-Jy 
GP l DE ) ChY pox( nj), ( ra AP numen] D | hy ` 
EE 0) 
"au "E 
Thus with the help of Eqns. (19) and (20), we have 
H, 


: 1 R eR 
H {F (u,v); hysko,x,9}-—— | f F (u,v) 
c(R;) -RJ-R 
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ENG * , — 


s any 
ction 
R,vt 
hav 


n th 


(87) 
n, 2m, 2m, 
FL m Alm 7413 Mg, N; T Uy IC d 
22 1) n) 1 2 { S i, Ke? (21) 
Now, in above Eqn. (21), we define a matrix of polynomials in the form 
e 1 R eR F 
Ph (x,y) K et, idee (u,v) 
ny Ny S 2m, 2m, 
$ Cn), Cn), Sean) =) | ET 
m,=0m,=0 ^ E k, k, 
and get 
IB (F (uo); y] 7 Pasa (5) S ^— 0» 


4. 
Therefore, 


|H (F(u,v); hx y)- T0 808951 752 |H{F {F(u,v);h,,k,.x,9}-H{H (u,v); kosko 2y} 


+|H{F (1,0); Fos os} Enn (%9)] e - (23) 


Finally, using Eqns. (22), (23), we find the result 

P) - Pa ua, (29)| < [F() H {F (4,0) stash | 

|H (F (u,v); bj, as, y] —B EAM (x,y) = Se Gyo (24) 
Or, in other words from Eqn. (24), for an arbitrary € 0, we find 

F(x, y) P, Tah CONME y)eR’. (25) 
Remark 1. Further, let A[m,m;m,n]=A[m,m;0,0]= Ann% =1, 
again, let F(x,y)- g(y).f(x)e(») is defined in Eqn. (3), and then making 


an application of the Eqns. (9),(10),(20), and (22), we obtain the following 
equivalent results due to Kumar and Pathan [5] 


EE 
Hit uae E 
H, f (x)= cilm, f) PIS eee (=) du. 


(26) 
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O S 


(88) 
(n,-m,)!(n, =m)! 


, then by definition d a 
nim!  n,lm,! 


Remark 2. Let A[m, n; m,,n;]7 


the probability density function G(x,y) given in Eqns. (9), (10), (20), an 


(22), we find C = 1 and in particular, we have 


m, my 2m 2m, 
JR PR m X (-1)" (-1) (u-x U- y A 
a sch (x9) Š nkk, IE J ef (thr) 22 m, | m! k k, an D 


DI 


(u-x E U-y 

d peg Calis ] 
and HF (u,v); ho, y E Enid pr (uve e dudv (27) 
Again, as R > ©, these results of Eqn. (26) may be written by Weierstrass 
ÉD. for two variable functions 1 


n ong 1)” LAT: SE DES 2m, v-y 2m, 
DA (x,y) = zx — Ir ,U)», pus E dud T 


m,=0 m, =0 m, - m, ! SE 
and 
Hit, kx, y] = XUL LE File 17 e\™/ dudv. (28) i 
= ! 
Remark 3. Further, let A[m,,7,;m,,n, |= A[m,,7,;0,0] Se SCH EE 
n,!m,! 

then C — dn and then from Eqn. (28), we have a 
P LAT un 2m, I 

ny "mc TE T [ CR F( (u, U E es dudv and : 
ae [P Stall o 

pty X,Y We Se (u,v)e dudv 
1 


! 
Remark 4. Further, let A[msrims ab, i00] - E, zl 
n'm! 
then C= rn and again let F(x,y)=f(x)g(y),g(y)is defined by BM 1 


(3), then on making an appeal to Eqns. (28) and (29) we obtain the rest 
equivalent to Schep [8] given in Eqn. (5) 


De nal = eal f(u )> e cb e 
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dud 


Eg 


esu 


and 


Site Anc Lise 


ZC 
S 


(30) 


3. Properties and Relations of Weierstrass Type 
Approximation of Two Variable Functions. Consider the 
transformation formula given by Eqn. (9) 


H (P (uo): eie: SP eaa #2 pas 
12 2 


where k,,k, >O andset F(x,y)=1. 
Then we find that H {1;k,,k,,x,y}=1. (31) 


? 
1 k 


ER e (vt y 
= —— — G ,——- |dudv < e, Vnr,,r, e R, 
TONERS E | í k | ees | Gë 
x,y 


then H {F (u,v); k, kz, 


Theorem 2. Leta * y | be such that 


N iY 
= E SR SE "GI HN-M.M agro) VM <N. 
and H(F(u,v);k, kx, y] - 0, VM >N. (32) 


Proof. The general expression for the Taylor series in two variables in the 
neighbourhood of (x, y) is given by (see Pipe [6]) 


F(u,v)- XEM kel it Ek (2) 


Nz UIN iro 


> 


M=0 


N 


S x 52018 
M " (v-»)" aora o) 


Ge SS Ge te two 
If we multiply both sides by —— LE E p =) and then integrate tw 


i 1 t tov 
times with respect to u from u = _oto u=0, again same with respec 
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im — 


(90) 
from v 2 —oto v — o, and then use Eqn. (9), Theorem 2 and the definition 
N! 
eee UM «IN 
Gi -iMNN - M) , we obtain the formula (32). e 
0M»N | 


Theorem 3. Let a number 


E pe pel ux (oa vn lb E 
ESSEN k, ) | k l | ki 2 k, l 


P 
is real and finite, then in the neighbourhood of point (x, y), the continuity ` 
of F(x,y) with HF (u,v); kb, x, y) gives 
IH (F(u USE Raa yl- F(x, y) 

T 

eL NN N-M M o"F 
=>) Arer k k EE VM <N. 33 
Zä SE? ki ( i) HN-M,M au ™ au! (x s)| ( ) is 
Proof. Making an appeal to (31) and (32), we can easily prove the result 9 
(33). 
Theorem 4. Let a number i 


= "[u-x U-y 5 u-x U-y z 

En Jr X G d d à 
pell IEEE SS 

is real and finite, and then in the neighbourhood of point (x,y), the — 


expected value of any two variable function F(x,y) may be found by the | 
formula 


sch ls, F(u,v) EE 


k, 
=> 2 N k N-M M o"F : 
nao [NEM ( 1) (&) Du MM appr (no) Pat « a 
(34) ] 


SS Making an appeal to (31) and (32), we prove the result (34). 
corem 5. Let F(x,y) - E ()E (y) and G(x,y)=G(x)G,(y),and a numb 


D “emf u—x U-— n noe T N 
tbe pelle) v d D Jef z) dudv 2 
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uity 


sult 


the 


ab er 


; (91) 
is real and finite, and then in the neighbourhood of point (x,y) the 


expected values of product of two functions may be found by the formula 


(nee [^ d 2E J.A) EE Zu 
1 

ler Be A N M MES Grek: ONE. 
= — k k E 

DIEM (SI (he) EES wa (* v) e) VM<N. (85) 
Proof. Making an appeal to the Theorem 4, and then choosing 
F (x, y) - F. (x)F;(y) and G(x,y) =G, (x)G, (y), we prove the result (35). 
Theorem 6. Let F(x,y)- F,(x)F,(y) and a number 


1 p px(u-x)' Gel Ka Ka 
cc e F, F, dudu 
to kk, e ky | k)XAJWE 
is real and finite, then in the neighbourhood of point (x, y), the continuity 


of F(x,y) with H{F, (u)F, (v); bx y) may be numerically computed by 


|H{F, (u) F, (v); & x, y) - F, (x) E, (7) 


= 2 XM "LEIT pa fen (s) <N, 


N=1 


where 


menali Een nem 


h 20 ed 


E] Sang - 


Gem 
Proof. In Theorem 3, taking F(x,y)=F,(x)F (y) and then making an 
appeal to (32), we get 
FF) (9); s) -R (9) Y) 


Z E Sb Je TIET cca SE 5 eo). en 


Now, making an appeal to following theorem due to Diethem [2, Theorem 


2. D., p. 42]: 
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` "SW 


(92) 
Let neN (The set of Natural numbers), the n™ differential coefficient at 


the function f is exists and a < x < b,a,b eR, then 


D'f(s)-lim-- Xe» (trem (88) 


and the result (37), we prove the result (36). 

4. Applications. 
1. Generating Functions. Making an appeal to the matrix polynomials 
defined in (22) such that 


1 R eR 
TENE (x,y)= cue lbs n0) 
2m; 2m 
È È Cn), Fal Nd Ka dudv (89 


m,z0m4z0 k ky 

and using the technique due to Kumar and Pathan [5]. (See Eqns. (6), (7) 

and (8), we may find several generating functions 

335320727 t P ina (05))|h| «Lb |t.|<1, for hypergeometric functions of two 
m-0n,-0 

variables, 


2. Two Variable Lupas- Durrmeyer type Operators. In the Eqn. (39) 


for large R, if we replace E E RE Jem EC ) A m 
C m, (Lex) (1 ) 2732 


Vx 20, 20, A[m, ni m,,n;] - (n - TI +m, 2 (n, -1) B +m, E 


(- n n m, (7n, m 


1/2 
bounded for V (n; zm, 2 0,1 — 1,2), and put = (eae a i 
(1+(u-x)/k) 


Ms 


n, 


-x XH ((v-»)/&,)" 


u 
place of el, E al 
12:25, ID place of Vuz0, 208 
(1*(o- y)/& ) "^^ i 


V(n; 20m; >0,i=1,2), we get P 


See 23) seis Ais 0 L F0) 
È 3 one (s DEn Jr SE "ba 


m,=0 m,=0 
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(99) 
t of 


38) 


ul 


(39), 


) 
1g +a 


(93) 


Here, we have 
ny Ny n,*m,-l n,tm,-1 m ma 
Con; (x7) / m I m life e (40) 
1 2 (1+x) AE eo 
now, making an appeal to (20), (21) and (40), we get two variable Lupas- 
Durrmeyer type operators 


n 


H {F (u,v);k shos X; y} = Jm. (n, -1)(n, =1) » Cam (x,y) 
r m,-0m; -0 á 
1 SIT? My My u—-x U—-y 
kk, [ 0 F (woot | D at 2 (41) 


(For one variable Lupas- Durrmeyer type operators see Gupta [3] and 
Gupta and Rassias [4]). 

Again with the help of Theorem 2 and relations (40) and (41), we obtain the 
relation 


00$ 4 Au wu (n-N*M-2)(n, -M-2) 
HiF(u,v)k,k,x,yi-] M x (mn NEMT M 
{F (u,v) Farka yj in. o) e (m -2) (n, - 2) (1L x)" (L9 y)" 
sl, 3e N -Mas-5- LE na Mis | EE (sy) VM «N. 42 
2^1 1? , ET 241 23 MITES, aun av! P ENS D 


Conclusions. In this paper, we presented a generalization of Lupas type 
operators for two variable functions and proved the Weierstrass 
approximation theorem for two variable functions motivated by the work of 
Kumar and Pathan[5]. Using these results, an attempt can be made to 
obtain further generalizations and studies for other type of operators found 
in the literature, Volterra integral equations and their solutions. Also, we 
may obtain approximate values of several two variable functions and their 
generating functions. Sg 
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ABSTRACT 
In the present paper, we introduce and study a multivariable 
analogue of polynomials due to Chandel and Chandel (Rev. Tec. Ing., Univ. 
Zulia, 7(1) (1984), 63-67) and discuss its interesting special cases. 
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1. Introduction. Agrawal [1] introduced the polynomials defined by 


(1.1) (1- pt?) “ exp -———— 2 renane 
(1 = pt’) n=0 
Also Panda [4] introduced the class of polynomials defined by 
(1.2) (1-2)*@] 4 gts) t^s 
= la F> 
where c is any arbitrary parameter, r is any integer pos 
r=1,2,3..... = 
Further, Chandel and Chandel [2] introduced the polynomi 
defined by 


(1.8) (1- see see =F gi (mPa) 
Cf? 


itive or negative and 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


(96) 


where 
(1.4) G(z)= D2" (Yo +0), 
n=0 


q is any positive integer and other parameters are unrestricted in general, 
The definition (1.8) and (1.4) were motivated by earlier work (1.1) 
due to Agrawal [1], who considers the special case of (1.3) where 


ET p and also the work on (1.2) due to Panda [4] who considers 
ý n! 
only the case when s=1,2,3,... and p=1, while in (1.3) Chandel and Chandel 
[2] discuss the case when s =1/q;q = 1,2,3,... 
Chandel and Sahgal [8] introduced a multivarialbe analogue of 
Panda's polynomails ([2]; also see (1.2)) by generating function 


-b 
(L5) (1-4) xus pat] 


mS uy 


Ka 
= (b; 05,57] e 18155) n ny, 
SE, T ; EE 


D eel, om d 
CES. 
where bet are any parameters r,..,n, are any integers positive or 
negative, while s,,...,s,, are positive integers. 
They also discussed their generalization as 


(1.6) (=A). 1-5 y^ dat, EE 
(1 E t) ; (1 x bn Ir 


Ka 

= E Tin ët "S ) n 

= G(r ni eruit, Le 
Dr cm (ares 


GI 
m 3 
Ny ety =O 


where c;..,0, are any parameters, r,...,r, are any integers, positive ?' 
negative, while s,,...,s,, are any positive integers and x,,.,x, are E 
variables real or complex and G(z) is given by (1.4), 

Here in the present paper motivated by earlier works (1.3) and (1.9) 


we introduce a multivariable analogue of the class of polynomials due i) 
Chandel and Chandel [2] defined by (1.8). 


Our multivariable polynomials are defined through generating relatio? 
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nj 


tł 


2 Or 


e of 
any 


1.0) 
e 10 


jo 


-C 


"Q Xt ER 


(1.7) (1- Pit!) ^ (17 Pati) 


Took mm 


(1- pt? y HI (1-p,t% P 


[^ 
(ei eei P e Pre i) 
"m n 
x ELE (xp : 


Ny eeu =O 


where G(z) is given by (1.4) and q,,...,g,, are positive integers while other 
parameters are unrestricted in general. 

It is remarkable that in (1.6) authors consider only the case when 
s;=1,2,3,... and p;=1 (¢=1,...,m) while in (1.7), we consider the case when 
s;=1/q;, q;=1,2,3,... ((—1,2,...,m). 

2. Explicit Form. By an appeal to generating relation (1.7), we have 


n Pies Da ied TE n) n Dy 
Y a Fs EE le 


DIEN 


N 


Ze Si WA 
E BB E lee ag ll pon E 
de (i= SCH Tab (pie) rs 


co ECL 


e Se ete (x, OE (1- p.t jum (x , SÉIS (1- Pnt! 2: 


Ny pelt, =O 


e  [m/a] [n] 
= 2 D oco X Tab rp Bre Ion (c, +7 (n -qk)), AG "ie (72, Ink )* 


Di Du bs Lü 


caps BL Ba, 
m k! ~ kn ! 
Thus equating the coefficients of fj. both the sides, we get 


ni-qih 
x 


required explicit form 
(2.1) gi Cra Ph es P idi edm Fu SES) 


EA [onlan] 


LGE LS 


c, &n(m ah), (es tr s äh, 


LEE ey T nm ( 


Wa E ID Pè 
STEE A TE S 
3. Other Applications of Generating Relations. Starting 


the generating relation (1.7), we derive 
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with 


(8.1) Ee Aa SPL rer Pe ll ndm 95 ra) (x, Ee? x. ) 
1 


[m/m] [m Iq] (e ), (e, Jk (C'i vC Pa e Prid f ul 
SE s EE 
S k ISCH nifi ves Finn ja 
hz Kn =0 H m’ 


Further an appeal to generating relation (1.7), shows that 
ed at 


bal bal (e, ch (Cn -bn D 
= 2. Se es ki ee i, | 


(bi E iram reom) ) 
E m-qikı rM Geh (een Xn e 


4. Differential Recurrence Relations. Differentiating (1.7 
partially with respect to x; we have 
-e -Cmn t. 
(4.1) (1- ptt) pff) “——+—-G 
NEIEN c s 
c oO 


= Le wl Pi re PS y di rin) n Ty, 
E D cm C reg (esso es rum 
Ny resim =O sj 


Similarly, differentiating (1.7) partially with respect to x,, we have 
(4.2) (- p) aal: —2—_@" 


T; 
= 4j |" 
(1-p#?) 
Ka 
x D D. glor tee Pede iet ( g x, yee f» 
ex KUCH 1»***»*"m FPL tt"m * 
nj". n, =O SN j 


Thus eliminating G' from (4.1) and (4.2) and equating the coefficient d 
t;...t," both the sides, we establish 
min{ r; sie) 
3) 
si 


(4. ( Je Zenn ebe) (Gap, 
Jj 


Tiri tiM etj PRI Nji e o 


Se eae SS 


(eese Pir- Ds 
Ip; — CaiPir Be idi e ir) ( ) 
LEO Ox, En. FA THGE Dis ej nj pers Nott? m 


where i< j and ij=1,...,m. 
By (4.1), we can further write 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


(4 


L 


* (99) 
C (Cj resin Pree Pid ed pe) 
(44) 2 ano. Es e s 


Ny el =0 t 


= (1- ost) (A= patti) ptt) ^ "Qa - pat) "am pute y* 


m 


Also differenciating (1.7) partially with respect to t, we derive 


D 
(ei 66i toti e PL PT ey J eT) 
jen PL e Pod eu Ie Ti) 
(4.5) cDdi IN E ie. — Lëns 


[P EU 


A 
(ei (es 6, ip. P 
rers SPI PW edi) n ny 
= >. (n; +1) Be LEE E 
ex UE nti edunt esf, mj" m 
Ny p. 45,70 i 


(1.7) 
=-(1- ptp y" (1- pag) "^ (1 pt) ^ 
Eliminating G' from (4.4) and (4.5) and equating the coefficients of 
t^..t'^ both the sides, we finally arrive at differential recurrence relation: 


(eie tipi otia e Pe P eds TE eT) 


(4.6) Ci PidiSs, „na Jj i tip esty ae sees. J 


ð (e - fen EI - 
On PA ve Pru es Ini) 
ar (x; =n;) ax prc (Caer) 
i 


=e (et rien Leia emir Pte äech x ) 
Pi CiQ;E s.n, Pi- 20; Ment ln peim 


Q (e enfin r Fin) 
pede SPA e Ped ed T nn Ed 
+P; (n; x EA Sy, vga Hind; e es (a; 4 n) 


Ox; 


Q (Cy Cnt da dl ra ) 

eu Pir Pede es (ae AX 
| *(na; - 1) P9 - E ny ER en Lë m) 
nts 0 : 


=0, Poet: 


n 


T 
5. Special Case I. For (ee (1.6) defines multivariable 


TESCH (31:0 ) as 


polynomials EG s. 


rom 


(5.1) Y EG zen SPA en Pr edi Tira) EE ) th br 


Th e, 
NY v. =O 
a Jin a m m E . 
= p fa. (7n Iris Podon) n. EAL Bag, S tm 
nı 
ni -..,,,-0 


That is 
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(109) 


(5.2) ge lin Pire Pr en e 3a... x) 


Dy wee yy: 


-fa(- X mn. ; Dp 01? 5 JEN (- GE Dasz! cl 
where f; (x; pqr) are polynomials of Agrawal [1] defined by (1.1). 


b 
6. Special Case II. For y, = : 2), , (1.7) defines the multivariah} 


. bi scu pe Pape Y) enl o 
polynomials B(U^eme petite = x,,) by generating relation 


GIS 


-b 


EON ege, — EZ ; 
( ) ( pit). d DÄ 4i ij (eet ) (1- p, t 4 ST 
» ; Bon EU e Ap) EH 
UE 
which suggests that 


bi 
(62) Y; Bl Gym gl 
ni-0 (1- D, e 
Thus we have 
(6:9) Beer) a) = god pg 


where & (x p,q,r) are the polynomials due to Chandel and Chandel 
([2],(3.1)), defined by generating relation 


(6.4) (1- pr" H uj 23 (x,p,q,r) t 


DÉI 


; b 
as special case for y, -D of the polynomials of Chandel and Chan? 


([2],(1.3)) defined by (1.3). 


Now by an appeal to generating relation (6. 1), we derive 
(6.5) Bes: TE eC Bieren E in) 


ERRIN l X) 

= Ji 5 Bea "Cn SPI ro PD E 2 
me i Kyras En ) 
bc" 

Be pem nS Pi vere Dy DÉI Hs D e) 
my es “Rn i (1,2, ). 
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es 


(7 


lable 


andel 


nde 


(101) 


SE making an appeal to gener ating relation (6. 1), «99521 


brennen Piro Pm Tin Ty ely 
Bee 


(6.6) Ny eU i WË. ) 


' k, $ 
ny ny, (b ar X eX 
ee EE 
kt 5-0 k, eke 


Cm Tom Py e Ps Th Mey Fy een) 
E i ae 


Further by making an appeal to generating relation (6.1), we 
establish 


(bie te ety FC e LÉI we Dr end TE wy. ) 
(6.7) Dm (56157552 ) 


niia Dm lm ] d ) d 
| ; l l ( E k hy [e P hy (bic e PE Pa enda orm) 
2 E (£; 


DUO Les m Ny hy nu qub, E 
kd. een e kl 


7. Differential Recurrence Relations. M ` (6.1) partially 


my 


with respect to x, and equating the coefficients of f, " both the sides, we get 


(biceps SD e Pmiltrdnyir- m) - 
(7. 1) BUS, S à; ; : Le 
C. 
1 


(b+ lic, in ET TE E EE 
= bp! b+ licy inco Pie Pad d (ates " ech 


nyol gem 


which suggests m results in the following unified form: 


(7.2) = SR C wein LÉI nn p er Doi TE ea ) (x, Pd ) 


WW? 


zb (be L;cq ett que Cpa, EN fu Tyee Ten erc e 


Dy ees ia it Le ees 


= an interaction, (7.2) further gives 


m. 


Wi 


(7. 3) a pea- Cu De Py erp TE er E 
ax" 


Li 


E (b) pee 146 LUI en Eie Pr Sede amis (ae Xin rae - 
k 


Ny est a PR My wer les 


Now differentiating (6.1) partially with respect to f; 
coefficients of both sides, we obtain 
(7.4) SEH) Beetles «6 trea eG EPI DS ees mee "Ee m 


N oG HL g ,.. 


and equating the 


+bx Ba Ley zf 65 Pr ePi eese Gees T x) 
-Ma 
fips iPro Pe Dine rice x ) 
(b+ lie) irez- anny HRT, eet ees Pt ltr 
*bx plan E IB Does 
(Bie e, Pi Dui eis) (x Assen dm n 
2y +1 My My, : od R 
whic in the following unified torm 
h Suggests raccesudta in, the sone” Haridwar. An eGangotri Initiative 


(bzey monty e T egw Pre Pr eden m (ye ae ) 
ee HMM (ser, 


GIE 


Mie treu EPI PE ea Tea) Ae X 
+bx,B" UO iR AP rm E (D 


Nyre p 


: (ba Mie esti pei roin mmt Pi ePi Xa (o EOS ) 
vox, pi (qir; -1) Bon pii- Qi Mist otm Pearn 


* (bitis Pale mini (4,20, ) i ]1,...7n. 


yeep thy tL tet eel 


Again starting with generating relation (6.1), we derive 


(7.6) poo eO PL Py MI eSI) (x, GE ) F 


Nyre 


UE EE TE TE) A 
2 BOB etn iPr prem TT e LS 


Ny pep 


Ty wellt a Lisy oes yy 


m 
MR Ur aca * x ) 
-> B ep) 
i=1 


That is K 
(7.10) pU Eiei Pte Pe tem: Ar (x, SC x. ) 


Ny eel, 


Geo Han TT tO omy Tea BERTI OR x 
SBYE (x Um Xn ) o 


m 
X (5-16 6. CH ene PL Do Le) 
x 2 RERUMS ANM (x, HE 2 K 
i=l 
D 
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ABSTRACT 
In 1965, Vučković [9] obtained summability of Fourier series by 
Karamata method K^ and used a condition stronger than continuity which 
was generalized by Kathal [6] in 1969. In this paper we obtain K^ and K* 
(C,1) summability of Fourier series for the different sets of conditions, one 
of which includes discontinuous functions also. 
2010 Mathematics Subject Classification: 42A24, 40G99. 
Keywords and phrases: Summability of Fourier series, Summability by 
product 


method, Summability by Karamata method. 

miel: E . 
1. Introduction. The series Y a,, with the sequence (s,) of partial 

d the n=0 


3-67, sums, is said to be summable to s by Karamata method K*,A>0, if 


a's 
an (Karamata [5]) 
M aiaa FO) S[? se 5, asm, 
T(n + A) m=0 m 


where the numbers are defined by 


E n m 
(1.2) A(A+1)(A+2)...(A+2-1)= Ss A^, for 2>0, 


m=0 

1-0,1,2..:0 « m <n, and are absolute values of Stirling numbers of the 
first kind. 

K^(C,1) Summability method is obtaine 


mean on (C,1) mean of a sequence. Karamata [5 


d by super-imposing K*- 
] showed that the K*- 
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j — 
methods are regular for every à> 0, therefore K^ (C,1) method inclug, 


(C,1) method for each 2 » 0. | 
For real x and s and for any L-integrable function g over [O;x], 1 


write T 
(L3) o(t)e f(x*t)*f(x-t)-25, Y 
(L4 gt)» &(t). ; 

lep! 
(1.5) gy (t) = lgl (ES SL e 
(1.6) P(t)-o(t)- o, (t). 
(1.7) Q(t)=P(t)+B(t)+P,(t), : 
TAO hee c 
1.8) K*(t)= — A" 1)2,4 » 0. 
(1.8) Ki b. sin(m * 1), > 


(1.9) 6,(t)-tan" ara >0. 


m-t cost 


Throughout, we use A for a positive constant not necessarily the 
same at each occurrence. i 


Let SN) denote the partial sum of the first (n.4- 1)-terms of th 


ramus HEN ZA 


Fourier series of f € L, at a point x. Then (‘Titchmarsh [8]; p.403) 
l pxsin(n+1/2)t 
(1.10) s, (f;x)-s- — 
zc), sint/2 (ee 
2. Theorems and comments. In 1957, Agnew [1] proved that the 
'-methods were not Fourier effective for continuous functions. Ths ; 
suggested to consider a stronger condition than continuity to get i 


EN of Fourier series at a point which was successfully done bj 
Vuékovié [9] in 1965 and proved the following: ( 
Theorem A. If 


(2.2) o(t)- o(1/log1/t], as t 04, 


then the Fourier series of fe 


K 


: t 
Lor at x is K*-summable to s= f (2) f | 
every A>0. 


Generalizing Theorem A, Kathal 
K* -summability of the Fourier series: 
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np 
[6] gave the following criterio? f 


————_ 


ayi 
luda 


d We 


y the 


of the 


at the 
This 
t K^ 


ne b 


de 


jn f! 


Theorem B. Let (105) 


(2.2) | |o(w)|du =o /logi/z], ast 0+. 


Then the Fourier series of f € L, atx is E" -summable to s for every 1» 0. 
We further mention the following theorem due to Chandra [3] for T- 
summability of the Fourier series: 

Theorem C . Let C(o) denote a non-empty set of conditions involving 9 , 
such that 

(2.3) C(o)- e (t) * (1), as t > 0s, 

and let T be a regular summability method. If C(@) with (2.3) is a sufficient 


condition for T-summability of the Fourier series of f € L, at x to s, then 
C(Z) along with 
(2.4) e, (£) 2O(1), ast 0 
is also a sufficient condition, where Z(t) - P(t) P (t). 

By using Theorem B in Theorem C, we first propose to prove the 
following theorem which provides larger space of functions f € L,, than the 


spaces for which Theorems A and B hold: 
Theorem 1. Let (2.4) hold and let 


(2.5) j, |P(w)|du = o[t/10g1/t], as t 0+. 


Then the Fourier series of f € L, at x is Ei -summable to s for every 2 > 0. 


To observe that the space of functions f € L,, characterised by (2.5) 


es characterized by (2.1) or (2.2), we first 
ns (2.1) and (2.2) implies (2.5) and (2.4) 
we consider the following 


with (2.4) is larger than the spac 
observe that each of the conditio 
and to examine that converse is not true, 
example: 

Let x=0 and f € L,, be even. Then, 9; 
(2.6) f(t) = (log n/t) in O<t<7m, and zero for t= 
Then (2.4) holds and 


P(t)- NE du, 


D - 2f (t). Define 
0. 
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(105) 
which satisfies (2.5). However the function defined in (2.6) neither STEE 


(2.1) nor (2.2). 
Remark: It is trivial to get Theorems A and B from Theorem 1. 

We now propose to replace K^-summability method by K* (c1). 
summability method which is more general than K^-summability as wel 
as (C,1)-summability methods and obtain the following result unda 
weaker conditions than (2.2): 

Theorem 2. Let 9(¢)¢ L(0,) be such that 


(2.7) @,(#)=o0(1), ast 2 0^. 


Then the Fourier series of f € L,, at x is K^(C,1) summable to s for every 


à >0, whenever 
(2.8) f |P(u)|du=o[t/log1/t], as t — 0+. 


It has been shown in Lemma 5 of this paper that there exists a function 
f € L,, which does not have limit at the origin but it satisfies the conditions 
of the above theorem. 

3. Lemmas. The followin 
theorems: Bes 
Lemmas 1i. (Charfilra [4]). Let ole L(0,) 
Then 


g lemmas will be used in the proof of the 


be such that (2.7) holds. 


(3.1) 8, (fiz)-2=+Q(n)cosnn+t "ROE j 
2 len sin(n+1)¢ dt 


Se tQ(r) 


T o Dsin 2/9 09 1--1/2)tdt + o(1), as 2 — oo, 


Lemma 2. Let, for 3 > 9 and P, (1) = (D: Ee oof? 


H 


T(A) GES 

(3.2) R SIE 

imt) SCH 

Then 

(3.3) Ki (t)=R(n,t)sin fes So, 9}. 
m-i 
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P 
fo 


De 


A 
vell 
der 


ery 


(107) 
Chapter 3; Lemma 1). However, 
giving its proof. 


Proof. A proof of (8.3) is contained in ([2], 
for the convenience of the readers, we are 
By using (1.8), we observe that 
SO 


K(t)= viel T^ he SEI 


m=0 


where Im stands for “Imaginary part of" and , by (1.2), 


[^ rentis) eto feta 


m=0 m=0 


n-1 


= ele) [(m * Xexp(it)) 


n-l 


E exp(it) |] B, (t Jexp(i0,, (t ) 


m=0 


= (Tie, (t exo Gorn Ji 


m=0 m=1 


Now multiplying the factor T 


and equating the imaginary parts, we get (3.3). 
Lemma 3. For every A -0 and 0<t< 7/4, 


n-l 
(3.4) sinfe Ze (n]-ot Jlog(n +A). 


m=l 


Proof. A proof of (3.4) is contained in ([7], Lemma 5.6). oasa for the 
ready reference, we give its proof. 
We observe that 


sin t + o HSG «t 


m=1 


n-l 


* 3.6, (£)-1(n)t], 


m-l 


(3.5) 


Where 
(3.6) Z(n) = APT O(1)log(n +4). 


We further observe that 


(3.7) 9<_Asiné | for O<t<n/4 and m21. 
m+Acost 


Therefore for 0<t<1/4, we get x 
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cc. eint) Asint 4 Asinf ` ` 
129) dk E m-Acost] m-Xcost m -4-Acost 


Man M |+ M 
(EE m+] m-X 


At 
m+dXcost 


D 3 3 3 
Àsint t t 
= pete ee a a 
EE Wësse Iz: A)(m SS, 


3 
= Ms rof lisme- 
m+À m 


Using (3.8), we get 


(3.9) XXE) L pole) 
m 


m=1 m-l m ml 


=tl(n)+O(t*)logn. 
Using (3.9) in (3.5), we get (3.4). 
Lemma 4. For 0 « t « 1/2, 


(3.10) K? (t)= O| exp{-(à/3) log nj. 


Proof. We observe that 
: n m.s d ~ n m ei 
ZC sin(m +1)t =Im PM exp (i(m4 3) 


n 


iin. jt n AND 
[ent MC exp(it)) | 
mn opi ee) 

T(Xexp(it)) 4 
by (1.1). Hence for some positive constant A, we get 
(8.11) tt: jE) 

(n+) 

and for A — 0 


n+Acost—1 
(3.12) T (n -*Xcost) * T (cost) a 


T'(n+n) T(A) EC 


n, Hs eGangotri Initiative 
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| 


M 
m), 


8 


pn est) (109) 


ài = exp{-4(1-cost)logn}. 
Also for 0 «£ < 1/2, 

(3.13) 1- cost > t /8. 

Using (3.12) and (3.13) in (3.11), we get (3.10). 
Lemma 5. Let (2.2) holds. Then 


(8.14) 9, (t)e Lina 
(8.15) o (t) zo. ast 04 


(3.16) RH (u)|du =o{t/log1/t}, ast > 0+. 


However the converse is not true in general. 
Proof. We first observe that (2.2) implies that (3.14) and (3.15) hold. 
Also (2.2) implies that 


fle, (u)|du = o(t/log1/t), ast 30+. 
which together with (2.2) implies that 
[ |P(wlau =o{t/log1/t}, ast > 0+, 


which further implies (3.16). 
To prove that the converse is not true in general, we consider an 
even function f € L,, and the point x=0. Then for s=0, 9,(¢)=2f(¢). We 


now define 
(3.17) f (t) = 2tsin1/t — cos1/t in (0,7). 
Then 
_2 Ft BOPO o Gees 

(e T p f(u)dus 7 [in sin1/u)du sin | 
and hence all the conditions: (3.14), (3.15) and (3.16) are satisfied by the 
function f defined in (3.17). However 

t 
J lolu)au = 2 [Busini/u- cost/u|du 


22] Joel) u|du Al ju pin1/u|du 
> 2f '|cos1/udu - 22 


> [;2cosi/u du -2£ 
0 
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> IR 4 cos2/u)du s 


=t+f cos2/u du-2t.. 
Hence 
[jlo(wlau  o(t/10g1/t), as t> 0+. 


Observe that the function defined in (3.17) is not continuous at ¢=0, This 
completes the proof of the lemma. 

4. Proof of the Theorems 
4.1. Proof of Theorem 1. In Theorem C, we take T to be K^ summability 
method, which is regular and suppose C(o) is a set containing one 
condition (2.2), which involves o. Then (2.3) and (2.4) hold and by using 
Theorem B in Theorem C, we obtain that 


(4.1) (ët = o(t/1g1/1), as t>0+. 


Is a sufficient condition for K*-summability of Fourier series of f € L, a 
a point x. Now, we use the inverse formula : 
(4.2) P(u) - Z(u)-w* |" yZ(y)dy, 
which may be easily verified by substituting the definition of Z and 
simplifying the expression on the right. 

Integrating and changing the order of integration in the second 
integral on the right of (4.2), we get 

1 t 
(4.8) | |P(u)|du < 2| |Z(u)|du=Oft /log1/t}, as t — 0+, 


by (4.1). This proves that (2.5) along with (2.4) is a sufficient condition. 
This completes the proof of Theorem 1. 


4.2. Proof of Theorem 2. We observe that (2.8) implies 
t 
(4.4) [|@@au =o{t/log1/t}, as t 04, 


therefore we use (4.4) in place of (2.8) for the proof of the theorem. 
Let T, (f;x) and t, (f;x) denote respectively K^(C,1) and (C,1) 
means of s,(f;x). Then , by (1.1), 
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his 


md 


and hence 


me RM TO : n m 
(4.5) T, (fix) mc {tm (fix)-s), 
where, by Lemma 1, 
1 m 
(4.6) EA S 
1 a m 
= 5 — A cosut+— 
trm um nis nm Ger re Sain Déi y ja 


m [Seo (u+1/2)t EECH 


SE +I® +0(1), say, as mo. 
It is obvious that 
(4.7) T= o(d); as m — o. 


Now to prove that I? = 0(1), as m —o, we write 


2 1 == H 
(48) vi slk 


m+l 


(2sint/2) 2) £s 
say. 
By using Sint v+1) d «( v+1)t and (4.4), we can easily get 


(4.9) Jt) =0(1), as m>, 
and by using 


Gelb +1)t= o(t`), uniformly in 0<t<z in JË, 
integrating by parts and appealing (4.4), we get 
(4.10) Ja of 1 j z peat 


m 414 Vna) 
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(as tQ(t) vil En (v+1) Je -40 449, 


ET 

—À : I d d dt 
= +O t | log 
-o[ al CS [eR t 


1 
-0)——--—-} =0(1), as m o. 
des 0) 


Thus by using (4.9) and (4.10) in (4.8), one gets 
(4.11) IU =0(1), as m o. 

and collecting (4.6), (4.7) and (4.11), we get 
(4.12) t, (f;x)- s - I +0(1), as m, 


where , for 0 «8 «x/4, 


je EE dt 

T” ° (2sint /2) 

Yes tQ(t : 

=e ae apne) dt +o(1), 
by using 

m sin(m+1)t 

1/2)¢ = ———— —— 
Db — int/2 


and Riemann-Lebesgue theorem. Further, we observe that 


p. Q(t) 
xg 1} S E L(0,8) 


Therefore by using once again Riemann-Lebesgue theorem, we get 


us Q(t) : 
(4.13) I7 -7xlegsi goin (m-1)t dt-e ai. as m o. 


Now, combining (4.12) and (4.13), we get 
(4.14) t. (f;x)-s =-1f EE 
Tm’ 2sin1/2 

By using the regularity of K^-mean and (4.14) in (4.5), we get 


Segel ER Q(t à 
GE SE EE E ES cay, 


Thus for the proof of the theorem, it is sufficie 
(4.15) R, =0(1), as m — o, 


sin(m *1)t dt+o(1), as m— oo. 


nt to prove that 
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^ 7 


wr 


Fin 
(4.9 


and 


(4.9 


-~ ts 


E 
(113) 


For, 2, = and b, -g* 


1 
log(n +À ‘nr Where 2>0 and 0«a 
«1/2, we | 
| write i 
16) R, = Si DI | 
(4.16) E 1 f. EUN zial, dE FE Say. 


Now, from Lemma 2, we have 


(4.17) K*(t)=R(n, deele: o, () o} 


m-l 


since 

(4.19) P, (£) Sg +2kmeost +m?) ` < P, (0)<(m+A). 
Using (4.18) and Lemma 3 in (4.17), we get 

(4.20) K^ (t) - O(t)log(n 4). Ig 
By using (4.20), we get " 

(4.21) R, - O(Y)log(n«2)[ "ice = o(1), by (4.4), as n. i 

Also by (4.18), we observe that i 

(4.22) lol 


therefore by using (4.22) , we get 
423) R,, =0(1)f ^t" |o(r)dt 


= o(1) +o(1)f * t! (log1/£) dt - o(1), by (4.4), as n>. 
Finally by Lemma 4, we get 
(4.24) A = oaj t! Will. Se logn hat 


8 
E O(1)exp{ ->ei bes: Na(t)|ae 
| "integrating by parts and using (4.4), we get 
| (4.25) f. elec) Jat - on 1)«0(); ee eae E Oflog log logn}. 
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Using (4.25) in (4.24), we get 


(4.26) R,, =0(1), as n v. 


Using (4.21), (4.23) and (4.26) in (4.16), we get (4.15), i.e., 
R, =0(1), as n 0. 


This completes the proof of Theorem 2. 


We now state the following corollary of Theorem 2: 


Corollary. Let, for 0 «8 € (le L(0,8) be such that 


(4.84) [o (u)|dw= off /log1/t}, as t > 0+. 


Then the Fourier series of f € L, atx is K^(C,1) summable to s for 


every A» 0. 
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ABSTRACT 
In this paper we address the problems of completion of a normed 
near algebra, normability of a topological near algebra and representation 
of a normed near algebra. While the results about completion and 
normability proceed along predictable lines, the representation theorem 
makes use of ideas not familiar to many and we feel that it deserves the 
notice of the mathematical community. 
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Topological Near Algebra. 

1. Preliminaries and Introduction. G. Pilz say fa 
his book on near rings [3] that one might view ring theory as Us liear 
theory of group mappings”, while near rings provide the ie 
a lot of “linear results” can be transferred to e 
d ‘Surprisingly’ in the 
t an obvious 


s in the preface to 


theory”, ‘Surprisingly’, 
general case after suitable changes. We stress the wor 
quote. The transition from linear to the nop linea oe = no pier 
and smooth process but involves a huge leap in ee = SES 
Stanislaw Ulam is reported to have quipped that Si SE een 
dynamics is like studying nonelephant Biology" to a ne os 
that nonlinearity is pervasive and linearity is mainly a mathe 
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simplify matters to an easy level of mathematical manoeuvrability. The L 
hopes of handling nonlinear problems directly without approximating them W 
with linear problems were kindled by the iterative techniques of analysis | h 
and the algebraic techniques of near rings, near algebras and so on. The if 
study of topological near algebras [4], topological near rings etc. is t 
motivated by the desire to address nonlinear questions by combining the P 
algebraic and analytical structures, particularly suited for the study of S 
nonlinear problems. T 
Let us recall that a metric space is complete if and only if every | 
Cauchy sequence is convergent. By a completion of a metric space (X,d) we i 

mean a metric space (x ,d) which satisfies: 

GE b 
d (X,d) is complete, ; 
2; There is an isometry f : (X,d) > (X,d) such that f(X) is dense in X. | j 
The completion of a complete metric space is itself complete and any I 

two completions of a metric space are isometrically isomorphic. We also 

know that the completion of a normed linear space is not only a complete 


metric space but also a complete normed linear space. S 

2. Completion of a Normed Near Algebra. Let us recall the f 
following definitions: | 
Definition 2.1. [6] A (right) near algebra V over a field R isa linear space ! 
over R on which multiplication ‘*’ is defined such that : 
1. V forms a semi group under multiplication, ? 


2. multiplication is right distributive w.r.t additio 
d a(v*y)=(ax)+y for all x,y € and a€ R. 


Example 2.2. Let V be a linear space over the field R and q:V— R bea 


mapping such that &(o(u)v) = é(u)6(v) for all uv& V. Now define zw 0 on 
Vas a*b- e(b)a for all a,b & V. Then WE sl is a right near algebra. : 
cepe E 3 be a linear space. A mapping R:X> End(X) is said to | 
> ransformation if fi i ( 

From now we write R, for Ru). or every v,w in X, R(R(w)v)=R(w)eR)- í 
Theorem 2.4 [4]. Suppose X is a 
transformation on X. Define xey= 
near algebra. Conversely if (X,+, 
—X by R,(y)=yex. Then R is a se 
(X,+, +, *) is an algebra if and on 


n:(x+y)*z=xazt+yxz and i 


Fm o. 


linear Space and R is semilinear 
| io for all x, y€& X. Then (X++) isa 
, 1s a near algebra, define for xX, R:X 


milinear transformation on X. Also 
ly if R is linear. 
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ne | Definition 2.5. A normed near algebra is a near algebra (X,+,-, +) together 
m with a norm w.r.t which X is a normed linear space such that |x» y] « Illy] 
H wo PE 

de ) holds for x,y EX. 

he In addition if the norm satisfies Ix*y-x*z|« Ix]ly —z] for all x, y,ze X, 
is then we say X is modular. 

A Example 2.6. Let X be a normed linear space and A: X > P be a mapping 


of such that $(6(u)v) = &(u)o(v) for all uv € X and (v) <lo] for all vex. 
Then by example 2.2 (X,+, -, *) is a near algebra. Now lx *y]=|6(y) =] = 
ry HEN || < rl] WM So (X,+, -,*) is a normed near algebra. 
Lemma 2.7. Let (X,+, ', *) be a normed near algebra {x,},{x'},/y, 1 {yi} be 
bounded sequences in X such that lim(x,-x,)-0 and lim(y, - y; ) - 0. 
Then lim| (x, * y.) - (x, * y, )] -0 provided |x* y-x*z|«|x||y-z| for all 
| xyzeX. 


H 1 [ho at D 
EE EE A 


ny Proof. |», * y, - x; * y, |=| 


te S |x, et zu * y l+ lex, YA =a, * y, < læ, - x ynl felly - A 
Since (x;] and {y,} are bounded and lim |x, - x; [2 lim]y, kom 

he | follows that lim[(x, *y,)- salle 

ce Theorem 2.8. The completion of a modular normed near algebra (X,+, *) 


is a complete modular normed near algebra. Further if the multiplication L 
in X is induced by R as in Theorem 2.4 then the multiplication in ue is 
id induced by E: X >R defined by R,(%)=limR,, (x,)for each $e X with 
lim y, = y, then for y € Kand y-limy,, R, = lim, ,, Ry,- 

Proof. We know that the Banach space X denote the completion of the 
normed linear space X [4]. Define * on X by £* 5 - lim(x, *y,) where 


X, EX for all and limx, = x,limy, =J. 

This definition is meaningful by Lemma 2.7. 
To show that * is continuous. 
Suppose x, — Xand y, y. Then 


Os |, * y, - x y| Ko 
T cl, ex EE EE e J| 


< fx, hy, -l+ le - 90M] 0 2s 7 2 - 
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Therefore '*' is continuous. 
Let £,5,2 € X. Then &*(j*2)=% «lim(y, *2,) = limx, * lim(y, *2,) = 
lim(x, *(y, *2, )) - lim((s, * y, )*z, ) 2 lim(z, * y, )*limz, -(&*5)*2. / Ne 
Also j i 
(£z y)*z - lim(x, + y,)*z, = lim|(x, sz, )*(», sz, )] - lim(x, *z)* lim( y, *z,)= 4 
( &*z)«(y* Z). Therefore X is a normed near algebra which is complete. ay 
Further if ,5,2 € X, $ = limx,, = limy, and Z=limz, where x,,5,,2, € X Ri 
for all n then for every n, |x, * Y, - x, *z,| « |, [lyn — 2,|| for all z. Py 
By taking limit as n — ©, we get ab 
e+ 5-2] [all - 2]- a 
Hence X is a complete modular normed near algebra. 
Suppose Xy€ Š and {x,},{y,} be sequences in X such that x=limx,, 
J - limy,. Define R, = lim R, x,. so 
This definition is of course meaningful. 
Further we can verify that Al 
(1) R,(az)=ak, (2), 


(2) B, (2)=R,(R, (2) for all %,9,Z¢ X anda € R. 


Remark 2.9. Let X be the normed linear space of all Lipschitz functions f Al 
on R with f(0) = 0. Then X is a normed near algebra with respect to the lg 
multiplication defined as the composition of maps and 


So 
- If GJ - FC) 
lese EET s : e 


Then X is complete. However the condition |g- foh], < le li lg - |, does n 


not necessarily hold good as is evident from the following: 
Let fg and h from R into R be defined as follows: "` th 


x+1 if|x|>1 
x)= 
F(x) | 0 if-1<x<1’ 
g(x)=x forall xem, In 
h(x)= är forall xem. 
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E if e 
Now [fog - foh](x)=F(x)—F(2x)=4 071 s bu. 
We os SAS 


l—2x EE 

It is evident that fog — fohis differentiable at all but finitely many (exactly 
five) points and hence can be realized almost everywhere as the 
Riemann(= Lebesgue) integral of its derivative extended to the whole of R 
by defining arbitrarily at the exceptional five points. Hence fog - foh is 
absolutely continuous. 

-1 on (-,-1)U(1,0) 
Futrher (fog - foh) (x)-1-2 on (-1,-1/2)U (1/2,1) 

0 on (-1/2,1/2) 


so that |( fog — foh) (x) 


« 2. Hence [5] fog - foh e X and |fog - foh|, = 2. 


3 1 on (-%,-1)U(1,%) 
BEE on (-1,1). 


So Ifl zl 

Also (g- h)(x)2 -x for all x and (g- h) (x)=-lfor all xe Rand so 
lg - n], =1. 

So 2-|rog - foi, «1.1- Ifl [e ^h EM 
Theorem 2.10. Let X be the normed linear space of all Lipschitz functions 


fon R with f(0) = 0. Then Ly is a complete normed near algebra. 


Proof. From [1] Ly is a normed near algebra. : 
Let {f,} be a Cauchy sequence. Then for every €> 0 there exists N suc 


that If, hal <e for n» mz N. 


For EA (f) 5.69) (05 0-1 02), for n» ma N. 
Ix-»| 


In particular for x #0, 


ff )- f 9]. for n>m2N. [Since f. (0) =f, (0) - 01. 
|x| 
Hence {f (x)} is a Cauchy sequence for every x- 
Let fl) = lim f,(x) for x #0 and f(0)=0. 
© show that f € Ly and lim f,=/in Ly. 
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Taking «> 0 there exists N such that 
[9-5 0)- (s (97 f D] torn ov 
kA | 
> if G9) - fo f G) <1+ f (*) (x) & fy HI forn>Nand xz y. 
kd Et 
Since f, € Lu, there exists k»0 such that 


Atom Vos W^ aw eer eee M 


|f (x) x fx (y) < k for n2 N and xz y a , 
lx- »] | 
Letting n> ©, we get 


FOTO ase (for xs y)» |f (x) - f ()| s (1 &)]x y. 
x-y 

So f = Ly. 

To show that f=lim f, in Ly. j 
Let ez 0. Then there exists N, such that for n»m» N,, 


lx - »| 
Fix m. Letting n—co, we get 


(f /0)- (5. (3)- 5. ()) 
kA 
Hence lim f,,=f in Ly. 
This shows that Ly is complete. 
3. Normability. In this section we extend an important theorem in 
topological vector spaces [2]. Topological near algebras, normability and 


boundedness of topological near algebras are introduced and studied. Using 


them we derive a sufficient condition for a topological near algebra to be 
normable. 


«g whenever n>m 2 N, and xz y. 


<e for m2 N, 


Definition 3.1 A topological near algebra is a system (X,+,-,#,1) satisfying: 
(1) (X,+, +, *) isa near algebra, E 


(2) (X, t) isa topological space, 
(3) the functions 


* (x, y) > x y of X x X into X, 
* (a,x) >ax of R XX into X and 


. (x, y) > x*y of XXX into X are continuous and 
if x +0, there is an open set U such that 0 € U and x gU. 
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Remark i Let (X,+, :, *) be a modular normed near algebra and z be the 
topology induced by the norm. Then (X,+, , *, t ) is a topological near 

| algebra. 

Definition 3.3. A topological near algebra is said to be normable if its 
topology is generated by a norm. 

Definition 3.4. Let X be a topological near algebra. A set AEX is said to be 
bounded if for every neighborhood U of 0 there is a scalar a such that AC 
aU. 

Remark 3.5. In a normed near algebra X, a set ASX is bounded in the 
sense of the above definition if and only if it is bounded in the usual sense. 
Theorem 3.6. A topological near algebra X is normable if and only if there 
is a nonempty set AEX which is open, bounded, convex, and such that 
A*ACA. 

Proof. Our proof goes on the lines of Theorem[2]. Let X be normable and 
let Hl be the norm in X which yields the given topology. 

Clearly U={x€X/ |x| <1} is nonempty and open. 

Let G be a neighborhood of 03a >03U c aG so that U is bounded. 

We can easily show that U is convex. 

Now if x€U then x«x€U since now bad: lx]]x] «1. That U +U c U 
follws from inequality Les | < |x]|| - So U *U cU. 

Conversely suppose that X contains a nonempty, open, bounded, convex set 
Hand H*H cH. 

If xe H,U =H-x= {y/y=2-,x€ H} is nonempty and open. 

If W is any neighborhood of 0 such that W-W € G, 


in since H is bounded there exists a real number a such that H€aW so that 

and | H-xcH-H caW -aW ca(W-W)caG. 

ing Hence U is bounded. = 

) he Convexity of U follows from that ot H. : 
Thus e N -U) is non empty, open, bounded, convex and symmetric. 

ng: As in [4] we can show that for x # 0, 


the set E, ={a/a20,x¢ aV} is bounded above. 


(2) Define |x| - supE. 
If x «0, then there exists a neigh 


Since V is bounded there exists a>0 suc 


borhood G of 0 such that x eG. ; 
h that VcaG so that x € pu 


m |x| 2 E » 0. Hence || 202 x-0. 
a 
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Since |x]- |-x|| to prove that b|x|- |x| it is enough to prove that 


(3) ifb>0, x «and xe aV then bx e baV. 


= |bx] < ba > [l «c forall a ə xe aV > |x| < OË => la SIE 


(4) The proof for ||x + »| s |x] * |, is routine. 
(5) To show that kaal: H. 
If a» 1, then lx] o > x]. => x e |x| JaV Similarly y € ly] VaV . Thus 
zxy e|sllblaV*Y chllet = x+y < ble 
This is true for all a > 1. 
Hence |æ» leit 
We show that the topology defined by this norm agrees with the given 
topology. 
If G is any neighborhood of 0, there is a>0 such that aVC G.(since V is 
bounded) If |x| « a, then xE aVEG. Therefore ixl] < a} cG. 
Suppose U is any nonempty open set and cet, 
Then U-x is a neighborhood of 0. 
Then there is r>Ossuch that {y/o < r} cU-x. 
Therefore U is open in the norm topology. 
Thus every open set in X is open in the norm topology. 
Conversely we show that every open sphere with center 0 is an open set. 
Let S,(0) be an open sphere, x e S, (0) and |x| « £ « r. Then sert? 
Ifx©S,(0), then |x| « r . Choose t such that Ix] « t <r. Since |x| « t, xetU. 
If y e tU, then ly| «t implies ly|«r so that ye S,(0). Hence tU cS, (0). 
SE tU is open, S,(0) is open. 
f S,(x) is any open sphere, then S (x)2S.(0)--x a : 
, Ax)=S, dso S : 
Hence every open set in the norm topology is a rud 1S open 
e ma a alng: In this section we study the embedding of a normed 
Bebra In a normed near algebra with better properties and show that 


any normed near algebra X can be e i 
mbedd 
meaning given in [1]. Ree has the 
Definition 4.1. We say t 
near algebra (Y,+, ae hat a near algebra (X,+, *, *) can be embedded in 2 


)ifth i 
into Y. ere exists a near algebra monomorphism from X 


i.e., a mapping 9: XY such that 
1. $ is one-one, 
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2. o(x+y)=0(x)+(y) 

3. (ax) = a(x) 

4. 6(x* y)- 6(x)oo(») for all x, ye X,a c R. 

If X and Y are normed near algebras, we say that X can be embedded in Y if 
there exists a near algebra monomorphism A : XY such that WH 
for xEX. 


Theorem 4.2. Every normed near algebra X can be embedded in the 
normed near algebra of zero preserving Lipschitz functions on the normed 
linear space Ly. 

Proof. Let X be a normed near algebra and Ly be the normed near algebra 
of zero preserving Lipschitz functions on X equipped with the norm defined 
by 


, D cl 
For x € X, define £ on X by £(y) 2 y* x. Clearly £(0) - 0. 


Now tal -&(2)| - ]y*x- 2*2] - Ky - 3] slo - all 


ĉc Ly and |x| <x]. 


— 


| 
| 
| 
| 
i 


If (x)-F(y)| 


[x,yEX,x#y>. 
|x- 


SE 


VH 


2 


x 


Further GE = lx * d: EN > ifx #0, 


Thus || = |x| for all x.Clearly x — X is linear. 
Foster Dill - (9 (2) äerd 


=(z4y)*x=2*(ysx)=(yex]2> 837 y*2 


^ 


=f. j= lya] = ly ad s bled - I= IUDA 
] As a consequence we have 7: Ly > Ly, that satisfies: 
Q — f— f is linear, 
(i) ^ fog-gof and 
| m re fg eL 


© Overcome the inconvinience caused by (ii) we go a step further and define for 


XEX x= () d 
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^ D D ies: 
Now x — x maps X into L, and satisfi 


(i) x — x is linear 


^ 
— EU AUN 


Gi xoyaxoy=xoy and 


(i) x = H = WM for x,y € X. This completes the proof. 

Remark 4.3. 

(i) Since L, has an identity, the above theorem also shows that every normed 
near Mosis can be embedded in a normed near algebra with identity. 


(ii) If X is commutative, the embedding is obtained into Ly itself while Li, is 


needed when X is not commutative. 
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ABSTRACT 

In the present work a simple and very effective mathematical model 
is designed for diagnosis of diabetes, specially of type 2. Sugar level, 
Triglyceride level, Blood pressure, Bodyweight are considered as input 
variables. Trapezoidal membership function is used for fuzzification 
process and defuzzification is done by COG technique. The fuzzy logic has 
been utilized in several different approaches to modeling the diagnostic 
process. This model addressed the level of type-2 diabetes on the basis of 
severity. The case of a diabetes patient is also discussed; in that case model 
diagnosed the level of severity with degree of precision 53.728 percent. 
These results are then also checked with the results obtained by scientific 
laboratory and found approximately correct. 
2010 Mathematics Subject Classification: Primary 92B05; Secondary 
03B52. 
Keywords: Mathematical model, Diagnos 


logic system. 
1. Introduction. The diagnosis of disease involves several levels of 


uncertainty and imprecision and it is inherent to medicine. A single disease 
and with different intensities 


may manifest itself quite differently, 
depending on patient. A single symptom may correspond to different 


diseases. On the other hand several diseases present e a Perna e 
interact and interfere with usual description of any of diseases. D the 
diabetes has become a major health problem among the people o ages. 


This is one of the most popular diseases in the world. According to 


Am jati iabetes is usually diagnosed in 
i i ociation "Type 1 dia 
erican diahetes Aes Collection, Haridwar. An eGangotri Initiative 
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children and young adults, and was previously known as JEE 


Only 5% of people with diabetes have this form of GE Type 2 | 
diabetes is the most common form of diabetes. Type 2 diabetes makes up i 
about 90% of cases of diabetes with the other 10% due primarily to diabetes 
mellitus type 1 and gestational diabetes. 

The World Health Organization (WHO) estimates that nearly 200 
million people all over the world suffer from diabetes and this number is 
likely to be doubled by 2030 [10]. Even as nations prepare to mark World 
Diabetes Day on November 14, WHO says about 80% of the diabetes deaths 
occur in middle-income countries. In India, there are nearly 50 million 
diabetics, according to the statistics of the International Diabetes 
Federation [11]. Out of an estimated 62.4 million diabetics in India, 4 to 21 
per cent women suffer from gestational diabetes mellitus (GDM) also called 


glucose intolerance or carbohydrate intolerance. There are an estimated 
77.2 million people in India who are suffering from pre-diabetes[11]. These 
people are at high risk of getting diabetes. The Indian Council of Medical 
Research (ICMR) estimated that the country already had around 65.1 
million diabetes patients. Only China, with 98.4 million cases, has more 
diabetes patients globally, according to V. Mohan, president of Madras 
Diabetes Research Foundation. According to times of India-Health 
and fitness-5" Feb 2014 “India is home to nearly 62 million 
diabetics-second only to China which has over 92million diabetics. 
As the incidence of diabetes is on the rise there is a proportionate 
rise in the complications that are associated with diabetes. They point out 
snc is ERIS crucial stage and awareness on the part of people and 
administration about diabetes is very essential People should be made 
aware and educated about their health and fitness level to reduce the 


number of patients in India. Most of the researchers have proposed 
different systems to diagnose diabetes. Fuzz 


role in the diagnosis of diabetes, The Conce 
given by Lofti A. Zadeh [1]. A Neural network and neuro-fuzzy systems has 
given for improving diabetes therapy [2], in which the use y 3 urrent 
artificial Beural network (ANN) is described Which is able t x BGL 
for a specific patient. This predicted BGL may then be os : uro- 
fuzzy expert system to offer short-term therapeutic advice Sea the 
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patient's diet, exercise and insulin regime (for insulin-dependent or im : 
diabetics). Polat, K. and Gunes, S. used an expert system approach based 
on principal component analysis and adoptive neuro fuzzy inference System 
to diagnosis of diabetes [3]. This model is designed for diagnosis of Type -2 
diabetes patients using if then rules. The process of fuzzfication is also 
introduced here. 

Recently a work in this direction is to design A proposition for using 
mathematical models based on a fuzzy system with application [13], while 
by the same authors another recent work is to design a mathematical 
structure of fuzzy modeling of medical d diagnoses by using clustering 
models [14]. Further the derivation of interval type-2 fuzzy sets and 
systems on continuous domain: theory and application to heart diseases has 
also been worked by the same team [15]. 


2. Diabetes overview. We require energy, when we walk briskly, 
run for the bus, ride a bike, take an aerobic class and for our day to day 
chores, is provided by the glucose in blood. When food is taken, it is broken 
down to smaller components. Sugars and carbohydratesare thus broken 
down into glucose for the body to utilize them as energy source. The liver is 
also able to manufacture glucose. In a healthy person the hormone insulin, 
which is made by the beta cells of the pancreas, regulates how much 
glucose is in the blood. When there is excess glucose in the blood, insulin 
stimulates cells to absorb enough glucose from the blood for the energy 
that they need. Insulin also stimulates the liver to absorb and store any 
glucose that is excess in blood. Insulin release is triggered after a meal 
when there is rise in blood glucose. When blood glucose levels fall, during 


exercise for example, insulin levels fall too. t 
3. Diabetes. Diabetes describes a group of metabolic diseases in 


Which the body cannot regulate the amount of sugar (glucose) in the blood. 
This is because the body does not produce enough insulin, producen no 
insulin, or has cells that do not respond properly to Eno insulin the 
pancreas produces. This results in too much glucose building mcum the 
blood. This excess blood glucose eventually passes out of the body in GO 
j So, even though the blood has plenty of glucose, the cells are not getting it 


for their essential energy and growth requirements. 
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ype-1 insulin-dependent diabetes 


(IDDM), or early-onset diabetes, Develops yen the body does not 
produce insulin. People usually develop type 1 diabetes before their 40th 
year, often in early adulthood or teenage years. Patients with type 1 
diabetes will need to take insulin injections for the best of their life, 
Symptoms -Extreme thirst, frequent urination, Drowsiness or lethargy, 
Sudden weight loss, Sugar in the urine, Fruity odor on the breath, Heavy 


Types of diabetes. Diabetes t 


KT ee ee eee 


or labored breathing etc. Gestational Diabetes affects females during : 
pregnancy. Women have very high levels of glucose in their blood. ; 
Diagnosis is made during pregnancy. Between10% to 20% of them will need t 
to take some kind of blood-glucose-controlling medications. Undiagnosed or 1 
uncontrolled gestational diabetes can raise the risk of complications during , 


childbirth. The baby may be bigger than he/she should be. Scientists from , 
the National Institutes of Health and Harvard University found that t 
women whose diets before becoming pregnant were high in animal fat and | c 
cholesterol had a higher risk for gestational diabetes E 

Diabetes Type-2 Adult-onset diabetes mellitus, or non-insulin- 
dependent-diabetes mellitus (NIDDM) develops when the body does not 
produce enough insulin for proper function, or the cells in the body do not 
react to insulin. The body does not produce enough insulin for proper 
function, or the cells in the body do not react to insulin (insulin resistance). 
Approximately 90% of all cases of diabetes worldwide are of this type. 
Some people may be able to control their type 2 diabetes symptoms by 
losing weight, following a healthy diet, doing plenty of exercise, and 
monitoring their blood glucose levels. However, type 2 diabetes is typically 
a progressive disease-it gradually gets worse - and the patient will probably 
end up have to take insulin, usually in tablet form. People usually develop 
type 2 diabetes after their 40th year. 

Symptoms of type 2 diabetes. Increased hunger, increased thirst, 


frequent urination, Blurred vision, Slow-healing sores or frequent 
infections. 


Risk factors. High blood pressure, History of gestational diabetes, 


sedentary lifestyle, Age factor, pol i . 
: >» polycystic ovary d 3: ride 
level, Overweight syndrome, Tri-glyce 
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Eye complications -diabetic 
lems, Hypertension, Mental 
Neuropathy HHNS (Hyperosmolar, 
me), Erectidysfunction Nephropathy, 


Complications of type 2 diabetes. 
retinopathy, Skin complications, Heart prob 
health, Hearing loss, Gumdisease, 
Hyperglycemic Nonketotic Syndro 
Infections. 


Fuzzy Logic. Fuzzy logic is an approach to computing based on 
"degrees of truth" rather than the usual "true or false" (1 or 0) Boolean logic 
on which the modern computer is based. The idea of fuzzy logic was first 
advanced by Dr. Lotfi Zadeh of the University of California at Berkeley in 
the 1960s. Dr. Zadeh was working on the problem of computer 
understanding of natural language. Natural language (like most other 
activities in life and indeed the universe) is not easily translated into the 
absolute terms of 0 and 1.Fuzzy logic includes 0 and 1 as extreme cases of 
truth (or "the state of matters" or "fact") but also includes the various states 
of truth in between so that, for example, the result of a comparison 
between two things could be not "tall" or "short" but ".38 of tallness." 
Modeling process 


Defuzzification 


Crisp output 


Inference 


Output 
fuzzy set 


Fuzzy set of 
input variables 


1. Impaired fasting glucose test. Do not eat or drink anything 


except water for 8-10 hours before a fasting blood glucose test. 
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%,-100  400< x, «119 
1 80 « x, « 100 10 
uy (3) 7 1110-x uy (x) 741 110 « x, «120 
wy ya 100< x, «110 ett 
D eee 100415110 
10 
SEA 120 < x, «130 
? | aue EE 
ug()731 190€, «140 yy(%)=; — 10 
150-x 1 x, 2150 
L ` 140< x, «150 
10 
| E = = x 


| 
oa 
u(x,) Normal Very High 


oderate 


X Mg/di 


2. Triglyceride level. The triglyceride molecule is a form of the 


chemical glycerol (tri = three molecules of fatty acid + glyceride —glycerol) 
that contains three fatty acids 


x,—150 


1 100 < x, < 150 25 150 « x, « 175 

pie E 150 <x, «175 Halle) 175 < x, < 200 
225 - x, 

ag ^ 200«x, < 225 
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x, — 200 
25 200 « x, « 225 
ug (%)=41 225 « x, « 495 
S alos 
25 € x, « 450 
x, — 425 
————— 425 € x, < 450 
Uu u (x) z 25 E 
1 x, > 450 


| VeryHigh - 


SCH i 


250 275 300 325 375 400 425 450 475 500 


3. Blood pressure. Blood pressure is the pressure of blood in your 
arteries (blood vessels). Blood pressure is measured in millimeters of 
mercury (mm Hg). Your blood pressure is recorded as two figures. For 

example, 124/80 mm Hg. 


l 100 < x, «120 1 100 < x, « 120 
(let, oc x, 2130 Hy (%)=)180-%5 499 <x, «130 
10 =a ee 10 
45-120. 120-5190 
10 
Hag (x5) 241 130 x x, «140 
Jët 140, «150 
25 
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3-14 ` 140.< x, «180 
10 
Wy (x3) = 1 150 < x, < 160 
17005 460 < x, «170 
10 
3,7160 160 < x, «170 
Hyu (x3) = 
1 x, 2170 
u(x) | ao Normal Moderate Very high ` 


LA lech 


300 110 120 125 130 135 140 145 150 155 160 165 170 175 


~ ~> X5 Mmhg 


4. Bodyweight. Weight is taken according to BMI which is 
calculated as weight/(Height)? 


l 18 < x, «20 1 


ai 18 < x, < 20 
DEEN Hy (%4)=4 25- 
= A a) = 20 < x, < 25 
x,—20 
= 20< x, «25 
uy (x,)241 25 « x, «30 
35-x 
p O0sz,«35 
x,-30 
ag 30x x, «35 
ug (x,) = 1 35x x, « 40 y p (x E a2 40 « x, « 45 
45-x V 
mmc NUUS ETE 1 x, 2 45 
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Defuzzification. The centre of gravity (COG) method is used for 
defuzzification process which is the most popular technique and is widely 
utilized in actual applications. In this method the weighted strengths of 
each output membership function are multiplied by their respective output 
membership function center points and summed.Finally this area is divided 
by the sum of the weighted membership function strength and the result is 
taken as the crisp output. The COG method can be expressed as 


Vmax 


Output Data = ` x; (x; )/ > u(x). 


Case-Study 
Mrs. M. Gupta Age- 62 years date: 13-02-2018 
ABC Hospital, Noida India 
Suffering with polydipsia, polyuria, 
on feet, weakness. 
Impaired glucose fasting test value (x1)-165mg/dl 
Triglyceride test value(x;) -212 mg/dl 
lood pressure (systolic), (x3)-165 mmHg, 
The fuzzified value of the crisp inputs 
nction defined for each fuzzy set for each lin 


irritation in urination swelling 


Weight (BMD, x,-34.2kg/m2 
by the use of membership 
guistic variable is 


etermined = 
Ey (x) SE (x,) = 0, py G9) 71 
Ly ( S dp uy) = 0 a 048, Hw (&) = 0, 
N = = Bp) — Vase 3 

= 0, Hy (x)= 0.52, pt we 0.5, ten (39) 79 


ly (x) = 
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ux (x) 9, uy (x) -16 uy x) = 0.84, Hva (X). =0, 
Rule Base. a E. 

LE.G.T. Triglyceride Blood Pressure B.M.I. Output 
Very High Moderate High Moderate Level 2 
Very High Moderate High High Level 2 
Very High Moderate Very High Moderate Level 2 
Very High Moderate Very High High Level 3 
Very High High High Moderate Level 2 
Very High High High High Level 3 
Very High High Very High Moderate Level 3 
Very High High Very high High Level4 


Execute the inference system. We use “Root Sum Square” (RSS) 
method to combine the effects of all applicable rules. Root sum square 
method scales the function at their respective magnitudes and computes 
the “fuzzy centroid” of the composite area. This method is more 
complicated mathematically than other methods level 


Level? = f. (ux) = (0.16) + (0.5) + (0.16} +(0.16} =0.5766 
Level TG = (0.5) + (0.48) + (0.16)" = 0.8430 
Level Ee y = (0.48) = 0.48 


Output function. 
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Level 2 


Level 3 Level 4 


0 10 15 20 25 30 35 40 45 SO 55 60 65 70 75 80 85 


— Ee 


Output of the decision of the expert system. 

o _ 0.5766 x 0.30 + 0.8480 x 0.55 + 0.48x 0.8 

utput = AAA 
0.5766 + 0.8430 + 0.48 

= 0.53728 

This output shows that the patient is at level 3 diabetic with 
53.728% degree of precision 

Conclusion. Approximately 90% of all cases of diabetes worldwide 
are of this type. Some people may be able to control their type 2 diabetes 
symptoms by losing weight, following a healthy diet, doing plenty SÉ 
exercise, and monitoring their blood glucose levels. However, type? 
diabetes is typically a progressive disease - it gradually gets o. andthe 
Patient will probably end up have to take insulin, usually in tablet form. 
Once the level severity is diagnosed patient can control it in a better way. 
Here we obtained this fuzzy model provides good and e uod 
about the risk level of diabetes type 2.the performance of this fuzzy ne 
is also shown here by taking a real data base of a patient. This mode 
Conclud ient i level 3 with degree of precision 53.128 

es that the patient is at the 
percent. 
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differential operator T, =x(k+xD), =a to derive an interesting 


generating relation for generalized multiple hypergeometric function of 
Srivastava and Daoust ([11],[12], [13]; also see Srivastava and Karlsson 
([14,p.87, eqns (2.1) to (2.3)), with its special cases among others for 


(n) 
Lauricella's FY” [8], its confluent form 6p 
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ABSTRACT 
The aim of the present paper is to illustrate the applications of 


and for hypergeometric 


[10]. 
assification : 33C70, 33C50 
Operational techniques, Multiple 


Generalized multiple hypergeometric function of 


1. Introduction. Garg [6] used the following operational formula 


due to Mittal [9] : 
e (1+ 2 1 
Hi KEE je Gol gta B JE 


n=0 
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h Dauf p being a constant, fix) admits a formal power serie, 
where v = x2 ; 


in x, Tex(kexD) Dee and T? means that the operator T i, 
in , [y maed Lk H x 


repeated n times, in obtaining a known generating relation due to 


Srivastava and Panda ([15] p.130, eqn. (4.3)) for multivariable H-function 
r 3 


of Srivastava and Panda ([15],[16],[17], also see Srivastava, Gupta and 


Goyal [18]) obtained through quite different non-operational technique. à 
Our present paper shows the importance and utility of the 
differential operator T, in obtaining the generating relation for generalized ( 


multiple hypergeometric function of Srivastava and Daoust ([11],[12],[13]; 
also see Srivastava and Karlsson [14,p.37, eqn. (2.1) to (2.3)). It also 
presents its interesting speical cases among others specially for Lauricella’s 
FIT [8], its confluent form A and for triple hypergeometric series F^? of 
Srivastava [10]. 

2. Main Generating Relation. In this Section, we derive the 
following generating relation for generalized multiple hypergeometric 
function of Srivastava and Daoust ({11],[12],[13]) by operational technique: 


3 -Q! (r) 
(2.1) E e n), Fa" |(a) 01,448 |, [o +(B+1)n: oer | : 
n=0 n! H C+1:D..3D") IS Q Yny” | [o + Bn S O10, ] S 


( 
= (1 + vy PAB BY Q ; 8.0 Um : VT. [oo : dk Sr 
EMG "ens. [2 am" (1+v)",...,2,(1+¥) 


provided that v=t(1+v)" lz;| «1, 0,>0, and | 


i3 ped 4. o S | 
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7 d ja 
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where F^? 
Srivastava and Daoust ([11],[12],[13]) and 6;»0, i=1,...,7; 
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Now replacing z by t/x and y; by z; (i=1,..,r), we finally derive the 
main generating relation (2.1). 


3. Special Case. When B=0. In this case v=t(1+v). Therefore 
generating relation (2.1) reduces to 
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n! J (a+) ms a 


n gn DI (r) 
(3.1) Sie Wee Ji [a+n:0,,...,6,]: | 


ns ^" CHDy.;D? 
n=0 [ORT Usel | 


-(1-2)* ie ee ne" [6:9] i [(69):«9] e 
IESSE ;[ (a"): 8' STEE 89] 
z (1-£)^ moz (WS d 


A 


CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


vided that co, >0, |z > (i y ) _ Soli s B 
pro 1ae i , | i|<1, 1 yr 8? e? Al >0 E 
a 2 2 j > j p ARE A 


j=1 


4. Special Case. When B=-1. In this case v=t, Therefore 


generating relation (2.1) reduces to 
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5 Special Cases. When 0,=...=0,=1 and specializing other 
parameters, (2.1) gives : 
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where v= £14 v)" 924 ) is fourth multiple hypergeometric function due to 


Lauricella [8] while A) is its confluent form, 
6. Other Special Cases. 
Case (a) When r-3, oj: GO 


=1 and speciali 
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1S generalized hypergeometric series of three 
variables due to Srivastva [10]. 
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Case (b) When r=2, o,=0,=1 and specializing other parameters, we 
derive from (2.1) 
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Where 9, is ae series of Appell's series F. 
From (3.1), we derive 


(6.6) Y (a), F,(a. nb, b;052,,25) 
n! 


nt [1-2,/(1- 9] [1-2 a-9]* 
and 


om n o 8 nii d 
(6.7) (e ), 6 (amis) = (1-4) A4 e | 


Bo CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


———————— Ee 


ET BEER. . 
(144) 
Further from (4.1), we deduce 
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Case (c) When r=1 and c, =1 the generating relations (2.1), (3.1) and 


(4.1) reduce respectively to 
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(955. Da), SCH 1340 due to Vishwakarma [19] 
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-=6,=1 and Specializing other parameters in (2.1), | 

we derive the following generating relations : | 
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nd (7.2) X (oen) ME DE ‘lode a vs 
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(14-v)z| «1, DT 


Ee 2(a+nB) a. [ [e (B 1)n:1. ol prster s E 
50D n! Pus lig ie eee KÉ 


n=0 
= PEE RP (abi ein (160) (140) 
J [14] ^|«1 ; 
de = 
ng 2 (o -- n) x [a+( (B--1)n: 1, A] [a: 3-1]: 5, d 
(7.4 e S LAT T 

at 2 n! ge il: "ee 1]: ogee eel : 
E = (1+v)" wy (a; Chee c,;2,(1+),.- " z,(1+v)); 
is 1—Bu SZ 

e sel beleet 
n| as Sënner"? Ae ae" Se 

emi pli [a+ 7B : 1 lj} [c: "— ePi 
to 

Iru) y 1 

a E vents -¢;z,(1+0),--42,( *v)), 
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) E. 1 


(7.8) a 


[a +(B+1) )n: 1. A0 [a: 1. 1, mr -p[o':- PE] zi sl H Ia WI 1]: Te 
GT? ihe al]; 2537; 


(Lev). (gr 
s sels asa bie se ia (10)... 2, (1+0), 


h Qm ` 
agre w Ep , QE are multiple hypergeometric functions of Exton 


([4],[5]) related to Lauricella's Si 


while ie is multiple hypergeometric 
function of Chandel [1] related to Lauricella’s FP. 


(7.9) yen us. nds. ie B+1)n:1,.. Al EI IB pill 
pun Io Bn. :1,.. Jl]: 
fen Als des :1]; 


zn wen 
135 opin, 


(pet... S): SLE 1);.. SES 1]; ) 


a, b Ke BOF Cin 5C. 32 (1+ Ur DCH (1+v)), 
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SH 5 (ot Bn), pana Hane [a+(B+1)n:1 qe zu]. Join 
n=0 n! Ge [a Bn. :1,...,1 PET 1]: 


[b ipsos :1);[a,., 16. eler: : 1],[b, dä? 2 | 


ird 
(Lev) men 
= + Ff) (a;a;, 15750: P056 21 (LEU), re (1+0)), 


(7.12) yt Pr paca aly (iar, B+1)n: kloe Eller 
Sri Se s 


[5 1]; [Bb : 1] T 


Sees (Cems E Akt zl 


el 
(7.13) ek rie Loan UnL ler ennen J|: am 
cy c up [a+Bn:1..., idees (ec I; 
(ant (gn ) (a,b;c c,;z (1+0), z,(1+v)), 
= 1- Bu (1) vr 
(B+1)n: Jhon AH [a: thin SESS dn [Ba : 1]..;[b. ij 
(7.14) (o fj). a (o+ EE 
D x CEU [a+Bn: All a? (LA 


St (2902 (a; bas SD jpe c Gë z (1v). Z Be z,(1+v)), 
1- pv 
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(7.17) y (a+b), EI Ans [a(B+1)n:1,...,1]:[b, a 
ia [a+Br:1,..1],[c:1,...,1]: 


ao n 


(eee (ES I Jo 1] [b 1] 


S Mise ke dt 
mt. EDS 


1:752, 
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1-py Hl? 
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ABSTRACT 

In the present paper, making an appeal to difference operator, we 
derive many transformations of certain multiple hypergeometric functions 
of several variables introduced and studied by Chandel and Gupta ([6],[7]). 
We also discuss their special cases. In last sections, we also derive the 
transformations of certain quadruple hypergeometric functions due to 
Exton ([10,[11]) and Sharma-Parihar [19]. 
2010 Mathematics Subject Classification : Primary 33C67, 33C65, 
Secondary 39A70 
Keywords. Difference ^ operators, ` Transformations, ^ Multiple 
hypergeometric functions, Quadruple hypergeometric functions 

1. Introduction. Agrawal ([1],[2) and Gupta and Agr a 
([12],[13],[14]) employed difference operators Æ and A to obtain various 
transformations of hypergeometric series. Further Gupta and Agrawal RS 
established a transformation of Louricella’s multiple hypergeometric 
function po ([16], also see [18]). Recently, making an appeal to difference 


operators A and E, Chandel [8], obtained various transfermation ed 
for some multiple hypergeometric functions of several E introduce 
and studied by Chandel et al. ( [4],[5] and discussed their speci er T 
Here motivated by above work, in the present paper, m c 
Various transformations for some of our multiple uoc pp um ** 
Sig (9, (Op) and their influent forms dre aen ` An: (3)9AD 


i d 
related to Lauricells functions introduced and studied by Chandel an 
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Gupta ((6],[7]). Some interesting special cases are leo) ZE, Our 
results may be useful in various related topics of mathematical analysis. | 
2. Formulae Required. In this section, we write following 
wellknown results, which will be used in our further investigations: 
Lemma. (Multinomial Theorem) : 
be, Ee 
(2.1) (x, +..+2%,) = a ; 
Lemma. (Srivatava [17, p.4]) 


nm, 


7 a n xn 
(2.2) Sila (a, pea 30090 Lol, a ol dns. 


M=0 m=0 m„=0 m! S ! d 
r(b)_T(b+m 
T (c) A (c m) ` 
(2.4) A” T(b) = (ay r(b) (c-b), i 
r(e) 


3.Transformations of Multiple Hypergeometric Functions. 
Consider 


= T (e; )...I (c, vd 
“ST S GONE TNR [1- (a E, -... x, E, )] 
(est (ED) | 
P(e). (e, ) 


AERE 
T (b, *...-- 5T (b, Ha +O JE (b... )...F(b,) 


(2.3) E" 


E a) m m, 
( Ty. em, ST Em g^ 
————————————O n 
E ml ! Jn 
My pa Mp =O 1 +d, H 


CH SEENEN tb, T(b,,.).. T (5,) 
T(e;)...I'(c,) | 


Now making an appeal to (2.3), we derive 
(3.1) A = » bal (b tek, ee (b 


k+l +...+5,,) 


D, ym, (c E SG )s, 


ID pete 
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(Bs)... a (6, eee 


PUE (C mcd Bs eie 


k+l 


E 


rh By Dy is bni Cpe C, 3e X.) 
Also, we can write 


A l'(e; )...F'(c,) 2 
ES DESEN RER Lë Ht) 


n 


-a 
E XE, uso Xp Ey + xau ut XA | 


TUNE 
Now making an appeal to (2.2), we have 
Dieses) - 
Se a l 
OEO OARA. (ua aiaa 
xn SE SE Ej ATIS OI SE 
Kiss m 1 my. Hm, 
My poy, =O ic »[1-( Xy tel 
T (b, +... +b, )I CH AER 
Elle 
Further employing (2.3) and (2.4), we obtain 
r(e). Ziel [1-(x +x )] 
WAL ct* n 
T (b, +... + b, )T (Ga +- +b, )I CHEN DON 
Myt le 1 
memo [ L- (£pi +- +x :)] m! m, 
T (b, +.. +b, +m, + m)E (ba Hoe tO + Mpa t +My) 
T (e, +m). (cr +m) 
ay (bn) TO) ra a Cs oon 
m TEN. E 


Ka 


(8.2) A= 


-a 
z[1- (3. kl 
—6,; Ra Ae t 
CHFO) (a, b, +. + Bb + Dyes Cay Opes ar 
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-x 
SEN n 
l-(x. etx) d-(nactet in) l-(xtexm) L ko F ta) 
Hence equating the both values of A from (8.1) and (3.2), we 
establish the transformation 
(3.3) EIER, e eg Cmi: 22) 


E D F (Gg Tec x)| CQ (a,b,0’, Chat p [PR dÉ =b, H Cisse C,5 


a Di ENR Ser -X, 3 

TU————MÁUENUIGIEEUI E mn SS VEA 

l-(xyacem) ^ dl-(Xmatetkm)dc(xatetm)  l-[eatetx] 
lsksk'«nkk',neN. 


e Se ` kk’) p(n) 
If 7,,...,7, are associated radii of convergence the series ' Ft), then 


Gee) e) het, 


which GE n.— k'-1 results in the folloing unified form: 
(3.4) “RO (s pp! breeden San, 


-[1- (2.4.2 )]" BEDS ,5,b' Dy xr CDs AA Cie. dk 
E Le IURE EE roi -Xn 
eer) tt LL ODO) A — À——————— 3 
l- (xa x) l- (xat. UL EEN tel "Loft ts, 


r=k',....n-1, l<ksk'<r<n; b,k'r,neN. 
Special Cases . 
(D Forr=k’ (3.4) reduces to (3.3). 
(ID Fork’=k (8. 3) reduces to the 
Further considering 
pulls t6 lie 


B o (x E +... +x, E) 
T (5 )..r (b) 


tC, T (c.,).. T (e, ) 
and um an appeal to (2.2) and (2.3), we obtain 
(3. 5) B= EO (a a,b,,.. ” Buet “+, 


Also, we can write in another way 


result due to Chandel ([8],p. (2.2)) 


CE : 
bac MOL Oy Dënn, e 
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we 


3 Eeer tee le, Lie 
B RUSCH Ere 


a 
E XH, t.c xQE, + Xp Ay ERR 
l- (Xp O) 


-(xy4 tx, ys 


| T'(b,)..F(b,) | 

T (c, tec ChE (e, tt ey T (esi). (o, ) 

Now making an appeal to (2.2), (2.3) and (2.4), we establish 
(3.6) B = [1 P (Xr Hat * ie Ge (Dione Ope Came m ILS -b ; 


Cy Fae FC Cra EL fen Mr E TT 
L- EE E 


Xk Xj DX. 
l- (xpa te, Lët El 1A (tpg tee ty) 
Therefore, equating both values of B from (3.5) and (3.6) we finally 
derive the transformation 


(3.7) ^p) Leben BEE) 


= [1 = (2 bo +X DS GR (a, b,,..., Dpi Ckur 7 pas On 7 Ons 
a x. 
l-(x ex) L- (Xps TN 


H D 
GEN , 


TH Rd Xn } 
l- (Xp etx) T- (ata ee) 
l<k<k'<n; kk,neN; 


Ze (EE) Gin) 
if nor are associated radii of convergence of the series "Ka then 


Dy tT tT teeth =L 
Special Case. For k'=k 
(2.11) 

Making an appeal to th 
be generalized in the following uni 
(3.8) ep (a,b Bie estt 


(YOY (a,b,,...,0,, Crt SRE AUI 


it reduces to the result due to Chandel ([8],p. 


e same technique the above result (3.7) can 
fied from of n - £'-1 results : 


=[1- (5s eee) 
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1 D EE eee 
Gë E 


TK Xn 
E ` SA t, ) 
1<k<k'<r<n; k,k',ne N,N ={1,2,3,...}. 
Special Cases. For r = k', (3.8) reduces to (3.7). 
For k'=k, (8.8) reduces to Chandel ([8],p., (3.1)) 


4. Transformations of Confluent Multiple Hypergeometric 
Functions. Considering 


r(e) r(e) =a 
Es ney TE 
DEE El Exec dog 


fits $0. Op EP (b, tot a) 
T (a, )..T (c, ) 


[- +... E (bs, +--+, ) 
T (e; ...' (e, ) j 
and applying (2.2), (2.3), we derive 


_ (BR) a(n 
(4.1) C= UO (a,b, tent By By, tone td 


TE TEE 
Now again writing 
T (c; )...' (e, ) 
C GE e = 
T(b,, SSES CELL, desee 


-a 
f XE +...4%,E + X a ua tet XA, 
Ee Tex.) 


Further making an appeal to (2.2), (2.3) and (2.4), we obtain 


ub Gol n 
(4.2) C-[1 (2,41 +..+,) | dea d Eege 


r+1 IURE IC. —b,; 
X. 
Euer cm n rel 
= —— at 
X41 HaHa) l-(x. stu 


EVE LS 
ECC r3) 
Now equating both values of C 
; from (4.1 ; e 
results in the following unified form ) and (42), we derive a 
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(4.3) 294 2 (a,a', Di ass TEEN 


been, t oe (a,a', byb, (65,4 ~ 8 1500, -b,; 


r4 n n 


x 
Cy 56.) 0, 4 ———— —À — ——— €— i 


l-(x4 x)" l-(z;-.x) e SE x.) 


nnm ML e 


Ex Isksk'sr«m k,krneN, r= k'en- | 
Special Cases. 
Particularly for r = k' = k, (4.3) reduces to Chandel ([8], p. (4.2)). 
For k'=k=0,r =0 (4.3) reduces to ([8],p.(2.3)). 
For k'=k=0,r=1 (4.3) reduces to ([8],p.(2.4)). 
Similarly evaluating 

L (Cr +-+ Cp Deeg 

T(5,)...F(b,) 

| T (b,)...I'(b,) E 

Dieu * +) P (Cpa). (C) 
in two ways, we finally derive n - &' - 1results in the following unified form 


kyk') y(n ' 
(4.4) ( US ee 


=(1- (x, te +, 2508 Re E E, E 


ril 


Cn Jo xE, +.. .+2,E,)|~ 


n^n 


2 za 
n3 C's Cpu C Cep Ta (X, +- ET L- Ging tta) 


r+1 


-b 


x, -X. ; 
OL = (nat Fata) l- A .+%,) Ur - (xs + ten) | 
r-k',.,n-l,lsksk'sr«m k,k'r,neN. 
Special Case. For k’=k, (4.4) reduces to 


(4.5) SICH E EE ee 


=[1-( (a -+x at oe ( (a,b (En SEET -5, 56, 75,3 


Lett dl-(mat-*tx) 


Lea 


i 


C So Sarco Y Ca) 
k+12tt Sr? eno (x RS sx) 


r4l 
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p E r=k,...,n-1, 
l1-(x,a ets) 1-(x tx) 


1<ker<n, kraneN, N =({1,2,3,..-}5 


; metric series introduced by 
where (dep is confluent multiple hypergeo 


Chandel and Vishwakarma [5]. 
Further considering and evaluating 
Dorset cp)I (Cra) T (ch) bet E ye 
T (5,)..I (5, ) 


in two ways an samelines, we derive 
kyk’ 
(4.6) ' (94) (a,b s 0,56 Capo Cape X vi 


SE EEN VT 959 (a,5.,...,0 596a 7 0st -b,5c, 


(3) * AD Vr Tr] r412*'*?"7n n? 


CERCHI EOS 
1-(x,, 


x. TK ny Eu 
O = (2,4) +4, ) 1- Ga. sx)  l-(matecxm)) 
r-k',.,n-l 1<k<k'<r<n; k,k',r,oneN. 


Special Case. For k’=k, (4.6) gives the transformation of ÜF(? due to 
Chandel ([8], p. (3.1)). 


Here U)p(), COFO are two of generalized intermediate Lauricella 


(k, (n kk’) a(n n 5 
functions and mw > on and e 302) are their confluent forms 


introduced and studied by Chandel and aa ([6],[7]). 

5. Transformations of Quadruple Hypergeometric functions: 
In this section, making an appeal to difference operators A and E, we derive 
transforamtion formulae for certain quadruple hypergeometric function? 
Baba Kyo, Ky, Kia due to Exton ([10],[11]) and FE 1 
Parihar [19]. 

Considering 


FS) due to Sharma and 
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r(d;)T (2;)T (d;)r( 
Es AE (4E, * E, ex, E, SEI? 


d,)T (d;)T (d;)r(d,) 


and employing same techniques of sections 3 and 4 in two ways, we derive 
(6.1) K,(a,a,a,a,b,b,b,b, d, d, d; d,;x, %%y, 24) 


- (1- x,) * K,(a,a,a,a,b,b,b,b,; ;d,, d, d, d, - b, ue. zx) 


m -x, l-x, l-x, l-x 
Similarly, Considering 
T (d; * d;)T (e;)T (ex) 
T (b, +5, )T (c,)T (c4) 
[re AUS 
T (d, +d, T (e;)T (e4) 
and applying the same techniques, we derive 


(5.2) K, (a,a,a,a,c,, 6,65, 6:61, €1,65, 6413,52) Xara) 


[1-(x,E, +x,H, +x,E,  x,E,) | 


zd D D 
z(1-2,—2,) K,, (a,a,a,a,6,,€,,€5 — C334 = C43€p €i €» € 


1-x,-x, l- x-2, Ea r, 1-355, 


Also considering 
T(d,) 


eee 


[1- (xE, + 3E, + aE +x,E,)]- 
(d,)r(à;)r (4 )F (4s) 


we establish 
(5. 3) Ko(a, a,a,a, b, b bas ba; di do» dy, Dy; X% X27 %3 %4 x,) 


-(1-x,-2,)" K,(a,a. a,a,b,b,d; - -b,,d, —b,;d,, d;,ds,d,); 


—x —X 
Xi Xo aS =} 


Seen), H ES xd 
1-2,-x, l-33- 4, 1-x,-%, 1-397 94 


Further Considering 
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Tete te) T (4) [1- (mE, + 12E, + 2E E, E 
TAOLO 
T (e, +e, +e) (d4) 
and applying the same technique in two ways, we obtain 
(5.4) K, (a,a,2,a,5,,,5,,5,,6,6,6,d,, Xs» XX3 pl 
=(1-x,) " Kn (6,2,0,a, 5,5, 5,,d, - 556,6;6, d, 


x X» X3 Cu ) 
, H b 4 
l-x, lox, 1-x, l-x, 


Now applying same technique on 


T(c; 4c; (d; )r(d,) -a 

E DEE E +x E, +x, E, +x, E 

T (b)T (b, A (è a) T (b Cl (x; 1 F Xoll + X44 + X. SI 
E (5T (b,)T (5) 2 
T (c; +c, )F (dr (d,) 

we derive 

(5.5) K,3(a,a,0,0,b,,b),b3,b43C,C,dy, d,;x,, Xp, %g,%,) 
=(1-x, -x,) K, (a,a,a,a, b,b d; —b,,d, —5,; 

Xi x» Za 7%, 

1-%,—x, 1-x,-%,’1-x,x,’1-x,-x, 

Similarly, considering 


T (c, +e) (c à 
SÉ LL - (8E, CE, E, n E)]* 


T(e e; T (c,)T (c,) 


and applying the same techniques in two Ways, we derive 


(4) 
(5.6) Fs (a,,,2,,2,,a,2,a,a;c,c, 163 64533, X5, X, x, ) 
z(1-x,-x,y* p d 
( a) HS 71:025 05,0, —0,,0,0,0,0,0,6,6,,€,; 


x 
TE OT D n LIE 
—X.,—X E, — E = d 
3 4 3X4 1 X3—3X, x, —x, 
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Finally, Considering 
l'(e * c, * c;)T (c ) 
2 E 4 D Ef : yra 
Taa (a) (a)l! (ob: XE, + xE, + x,E,)] 
zt, 
l(c, * e, *e,JT(c,) 
and employing the same technique, we derive 


E (4) 
(5.7) Foo (a; ;42,05,0,,0,0,0,0;0,0,€, C5 Xy, Xo, Xg, Xy ) 


z(1— -a mp4) 
=(1 x) Foo (4,,4),45,¢, ~a,,0,0,0,4,¢,¢,¢,¢,; 


x, Xo —X3 —X, 
1-2,'1-z, '1-x, '1-z,) 
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ABSTRACT 
In this paper we prove a common fixed point theorem for compatible 
mapping of type (P) in Intuitionistic fuzzy metric space using impilict 
relation. Our result modifies the results of Koireng and Rohen [8]. 
2010 Mathematics Subject Classification: 54H25, 54E50 - 
Keywords: Compatible maps, Fuzzy metric spaces, CES fuzzy 
metric space, Compatible maps of type (P), implicit relation. SC 
1. Introduction.The concept of fuzzy sets was introduced initially 
by Zedeh [19], which laid the foundation of fuzzy mathematics. George and 
Veeramani [5] modified the concept of fuzzy metric space introduced by 
Kramosil and Michalek [9]. They also obtained that egay mnes Se UA. 
induces a fuzzy metric space. Sessa [14] proved a camen esp » 
commutativity. Further Jungck [7] more generalized pacer A n 
Compatibility in metric space. In [3] Cho, Sharma et. al. introdu 


Concept of semi compatibility in D-metric space. 
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The first important result of compatible eee Se obtained by 
Jungek [T]. Pathak, Chang and Cho [11] ae oi oN 
compatible mapping type (P). Coker [4] introduce uw of 
intuitionistic topological spaces. Alaca et an [1] e t s idea of 
intuitionistic fuzzy sets, they defined the notion of intuitionistic fuzzy 
metric space as Park [12,13], with the help of ee t-norms and 
continuous f-conorms as a generalization of fuzzy metric Space due to 
Kramosil and Michalek [9] and proved the well known fixed point theorems 
of Banach [2] in the setting of intuitionistic fuzzy metric space. Later 
Turkoglu et al. [18] gave a generalization of Jungck’s common fixed point 
theorem to intuitionistic fuzzy metric spaces. They first formulated the 
definition of weakly commuting and R-weakly commuting mappings in 
intuitionistic fuzzy metric spaces and proved the intuitionistic fuzzy 
version of Pant’s theorem [10]. 

Singh and Jain [15] proved various fixed point theorems using the 
concept of semi-compatibility, compatibiliy and imlicit relations in Fuzzy 
metric space. Recently Bijendra Singh et.al.[16,17] introduced the concept 
of compatible mapping in fuzzy metric spaces, fuzzy sets and systems and 
introduced the concept of semicompatible mapping in context of fuzzy 
metric sapce. 

In the present paper, we prove a common fixed point theorem for 
compatible mapping of type (p) in Intuitionistic fuzzy metric space using 
implicit relation. Our result modifies the results of Koireng and Rohen [8]. 

2. Preliminaries and Definitions. 


Definition 2.1 A mapping T:X>X is called contractive if 
d(Tx,Ty) < kd(x,y) for allx, yeX. 
Definition 2.2. A binary operation x: 
norm if “x” satisfies the following cond 
(i) * is commutative and associative, 
(ii) xis continuous, 

(ii) a*1-a for all oe [0,1], 


(iv) axb<exd whenever a <c and bxd, and a,b,c d.c [0,1] 


petisiHon 2.3. A binary operation 9:10,1] X [0,1] [0,1] is continuous ^ 
conorm if "A" satisfies the following conditions : 
(i) is commutative and associative 


[0,1] x [0,1] >[0,1] is continuous t 
itions : 
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(ii) ¢ is continuous, 
(iii) a90 = a for all ae [0,1] 
(iv) fas ose whenever a <c and b <d and a, b, c, de [0,1]. 
Definition 24. A 5-tuple QM N,« 9) is said to be an intuitionistic fuzzy 
metric space if X is an arbitrary set, * is a contin 
continuous /-conorm and M,N are fuzzy sets on X? 
following conditions: for all x,y,z¢ X,s,t > 0: 
(IFM-1) M(x,y,t) + N(x,y,t) < if 
(IFM-2) M(x,y,t) > 0, 
(IFM-3) M(x,y,t) = 1 if and only if x=y, 
(IFM-4) M(x,y,t) = M(y,x,t), 
(IFM-5) M(x,y,t)*M\y, z, s) < M(x, z,t +s), 
(IFM-6) M(x, y, .) : (0,0) [0,1] is continuous, 
(IFM-7) N(x, y,t)> 0, 
(IFM-8) N(x,y,t)=N(y,x,t), 
(IFM-9) N(x,y,t) &N(G(,z, S)»N (x, z,t--s), 
(IFM-10) N(x,y,.):(0,00)— [0, 1] is continuous. 

Then (M,N) is called an intuitionistic fuzzy metric on X. 
Note. M(x,y,t) and N(x,y,t) denote the degree of nearness and the degree 
of non nearness between x and y with respect to ‘t’ respectively. 
Remark 2.1. Every fuzzy metric space (X,M,*) is an intuitionistic fuzzy 
metric space of the form (X,M,1-M,*,4) such that ¢-norm * and ¢-conorm 
* are associated [17], 
Le. xy = 1-((1-x) x(1— y)) for any x, y € [0,1]. 
Remark 2.2. An intuitionistic fuzzy metric space X,M(x,y,.) is non: 
decreasing and N(x,y,.) is non-increasing for all x,y e X. 
Example 2.1. Let (X,d) be a metric space. Denote a*b=ab and aġb=min 
{La+b} for all a,b c [0,1]. Let M and N be fuzzy sets on X?x(0,00) defined 
8$ follows: 


H 


uous t-norm, 9 is a 
(0, co) satisfying the 


SS E, 58S) = EU 
Msi) t 4 md(x, y) t d(x, y) 


in which m» 1. Then (X M,N, x, >) is an intuitionistic fuzzy metric space. 
Example 2.2. Let XN. Define a* b2 max(0,a-- 5-1) and a.b=a+b-ab for 
all a,b e [0,1] and let M and N be fuzzy sets on X?x(0,00) as follows: 
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e (x-y) y ; “Sy 
aly ER yt) = : 
Mise ; ysx and Ns, y, (x-y) x ; ysx 


2.3. Note that, in the above example, the t-norm ns" and the T: 


Remark l e 
conorm “$” are not associated and there exists no metric d on X 
satisfyin 
pe t NU d(x, y) 
! = , x,y, Se Y 
A t 4 md(x, y) t d(x, y) 


where M(x,y,t) and N(x,y,t) are as defined in above example. Also note 
that above function (M,N) is not an intuitionistic fuzzy metric with the t- 
norm and t-conorm defined as 
a*b = min{a,b} and aĝġĝb=max{a,b}. 

Definition 2.5. Let (X, M,N,*,9) be an intuitionistic fuzzy metric space. 
Then 
(i) a sequence (x,) in X is said to be Cauchy sequence if for each e>0 
and ¢>0 , there exist n»¢N such that M(x,,x,,,t)> 1-e and N(x,,x,,t) «e 
for all nmn. 
(ii) a sequence (x, ) in X is said to converge to x if for each e>0 and Gi 
there exists nge N such that M(x,,x,£)» 1-e and N(x,,x,£) «e for all n2n,. 
(iii) (X, M,N,*,9) is called complete intuitionistic fuzzy metric space if every 
Cauchy sequence is convergent in it. 

Throughout this paper, (X, M,N,*,9) will denote the intuitionistic 


fuzzy metric space in the sense of Definition (2.3) with the following 
condition: 


(IFM-11) lim, M(x,y,t)=1 for all x,y eX, t» 0. 


Now, we give the concept of commutativity in intuitionistic fuzzy metric 
spaces. 


Definition 2.6. Let A and B be maps from an intuitionistic fuzzy metric 


space (X,M,N,*,>) into itself. The maps A and B are said to Dë 
commutative, if ABx,=BAx, whenever {x 


lim, —» Ax, =Lim,—. Bx,=z for some ze X. 
The "leie: definition was introduced by Turkogulu et al. [18]. 
Definition 2.7. Let A and B be maps from a intuitionistic fuzzy metri? 


space (X,M,N,*, 9) into itself. The maps A : 
23 0 d t ple 
if, for all t > 0, ps A and B are said to be compati 


limt,.M(ABx,,BAx,,t)= 
| CC-0. Em SEET fedis. aSeanencridneX such that 


ree oe 


n} is a sequence in X such that 


— IT Áo 


j (169) 
limt, >» Ax, =limt,... Bx, =z for some zeX. 


Proposition 2.1. In intuitionistic 
limit of a sequence is unique. 


Proof. Let if possible {x —x and ( 


fuzzy metric space  (X,M,N,*,9) 


x,t)=1 


n? 


XxXj—y then lim M(x 


- lim M(x,,, y,t) and lim N(x, ,x,t) = 0 = lim N(x,, y,t) 


Now lim Mx, ,x,£) =] =lim M(x, y,t) and lim N(x, ,x,t)=0= lim N(x, , y,t) 


Then M(x, x,t) 2 Mox, tD My, x, t2) and N(x xt) «N(x,x, t/2)* Nx, t2). 


Taking lim, ,,, M(x,y,t)>1*1 and ze X 


ie. M(x,y,t)=1 and N(x,y,t)=0 for all £20, thus x=y. 

Hence limit is unique. 

Proposition 2.2 (A,S) is a semi-compatible pair of self maps of a 
intuitionistic fuzzy metric space (X, M,N, *,9) and S is continuous then 
(A, S) is compatible. 

Proof. Consider a sequence (x,) in X such that (Ax,)— x and {Sx,}—x, 
by semi compatibility of (A,S) we have lim ASx, > Sx. As S is continuous 


we get lim(SAx, , ASx; ASx, ,t) = N(Sx,Sx,t) 20. 


n? n? 


0)  M(Sx, St) Land lim(SAx 


Hence ( A,S) is compatible. 

Note. Converse of this proposition is not true. i 
Definition 2.8. Self mappings A and S of a intuitionistic fuzzy metric 
space (X,M,N,*,9) is said to be compatible of type (P) if {x,} >x then 
lim M(AAx, , SSx,t)=1 and lim N(AAx,,SSx,t)=0 for all t>0, Whenever 


n? 


{x,} is a sequence in X such that lim AE lim Sx, =z forall ze X. 


Lemma [1]. Let (X,M,N,*,9) be a intuitionistic fuzzy metric space. If 
there exists A €X such that M(x, y, kt) >Mia, y, tk.) and N(x, y,kt) < 
N(x, y, t/k,) for positive integer n, taking lim, ,, , M(x,y,kt) 21. Hane x=y. 
Proposition 2.3. Let (X,MN,*,%) be a intuitionistic fuzzy metric space 
and let A and S be continuous mappings of X then A and S are compatible 
i i i e (P). 
ee p Mer intuitionistic fuzzy metric space 
and let A and S be compatible mappings of type (P) and Az=Sz for some 


2€X, then AAz=ASz=SAz=SSz. 
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Proposition 2.5. Let (X,M,N,*,9) be a intuitionistic fuzzy metric space iu 
and let A and S be compatible mappings of type (P) and let A,S—z as n=% i 
/ a 

q 


for some zeX. then 
()  limSSx, = Az if A is continuous at z 


(ii) lim AAx, = Sz, if S is continuous at z á 
(iii) ASz=SAz and Az=Sz if A and S are continuous at z. d 
Definition 2.9. A Class of Implicit Rrelation. E 
Let ọ be the set of all real and continuous functions from ọ:[0,1 >R 
satisfying the following conditions: 
(i) ^ (A-Do is non decreasing if non-increasing in second, third, fourth 
and fifth argument. 
(i) (A-2) o(u,v,v,u,v)20 > uzv 
Gii) ọ(u,v,v,v,v)20 > uzv. 
Example. $(¢,,t,,t,,t,,t;)=t, -Max(t,,t,,t,,t;)- 
3. Main Result. 
Theorem 3.1. Let A,B,S and T be self mappings of a complete 
intuitionistic fuzzy metric space with continuous t-norm defined by 
a*b=min{a,b}, where a,b c [0,1] satisfying 
(i) A(X)c T(X), B(X)c S(X) , 
Gi) S and T are continuous, 
a S BE compatible of type (P) , 
, at for all x, ye X,t>0 
eM (Ax, By, kt), M(Sx, Ty, t), M(Sx, Ax, t), M(Ty, By, kt), M(Ty, Ax, t)) = 0 e 


bet" uk cOEF 30. T€ M A 


and 

O(N CAx, By, kt), N(Sx, Ty,t), N (Sx, Ax 
| DY, fe), i£), D ,D,N(Dy, B Et N 0 
| (v) Vx,yeX,M(x,y,t)>1 as t>o. Ee ; 
Then A,B,S and T havea unique common fixed point 


f. aye Xbe any point as AGO c TUE) and B(X) c S(X), 3x eX 
and x, e X such that Ax, =Tx, and Bx, = Sx. MI 
=. 


Inductive] ta | 
sequence {y,} in X such that Yona =A% = E r 
cx rm 2n-1 


and Yen = Bra = Stonsa 3 (Yon = St) n= 0,1 with X= Xon Y = 
Ee 
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Using contractive condition, we get 


AM (Arians Bo, a RO, M (Sx, Tn, 0, MS, ET Ay, D) 0 
and 

AN Aon» Bean a bt), Nx, Tx, it), NGS,, | Ax, st), Nx, ue Bx, as Rt), N(T,, AX, t) <0 
> MOS osa D, MO, aD MOL, 3, os MI, Ys os RD, MG, s, 4,0) 20 
and 

WN OI, 1 Ma, e kt) N (Sons ua IN Qro ass as P) IN Of, as os ao RD INC, e Man 0) $0 
lim M(y,,,y,,D-1 and limN(y, y, -0 ;V p and t» p. 


—— A 


Since $ is non decreasing in fifth argument therefore 
(Mon a5 Ys OMS 5 45D M Qf Manu M Or, o Me o kt), MJ Yan) 20 
and 
QUM Cras a osos kt), M Y, 532545 M Of, Mäe fl MO, a Ys as IM, ue 2,450) 2 0. 
Therefore by property (ii) of implicit relation 
Ms a Maas kt) 2 MOS, 4,35, and NGOs, Sonia» € NO, Mel, 


Similarly 

M(y,, 4 Jg; FD 2 MG, Yo, o2 and N(y,, ,, Yo, RO € NO, Yo, zl, 
Hence 

Myers Ynskt) > M(y, y, D. and Ny, y, ROS N(y, y, o0. Vn. 
We show that 

lim Mt, Ynt) =1 and limNG, 3,70 iVp andt> p: 
Now 

M(y, Yt) > MOn y otl D =MO In ait B=... 

and 


NG, 4, ,,0) < N(y, y, ot! E) = Nim, Ynot lk) =... 

Thus the result holds for p=1. By induction hypothesis suppose that the 
result holds for p = r, therefore 
M(YnsInersrrt) 2 UE EIN Mia, aer? 
and 

NO, y, iro « N On uot Na" ae? 
Thus result holds for p=rt1. : 
Hence {y,} is a Cauchy sequence m 
{y,} —>ze X. Hence 


t[2) 21*1-1 


1/2) 50*020. 


X. and as X is complete hence we get 
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Ax, Aë, SX, 22 SEI 
Tins > Z Bau > 2: ...(ii) 
Since pairs (A,S) and (B,T) are compatible of type (P) therefore from 
proposition we get 
AAx,, — Sz ,SSx,,, > Az, BBx,, > Tz, TT% > Bz. 

From contractive condition, we get 

eM (Sz, Tz, kt), M(Sz, Tz,t), M(Sz, Sz, t) M(Tz, Tz, kt), M(Sz, Tz,t)) = 0 

and 

O(N (Sz, Tz, kt), N (Sz, Tz, t), N (Sz, Sz, t) N (Tz, Tz, kt), N(Sz, Tz,t)) <0 

=> ((M(Sz, Tz, kt), M (Sz, Tz,t),1,1, (Sz, Tz, t)) 2 0 and 

(N (Sz, Tz, kt), N (Sz, Tz,t),1,1, (Sz, Tz, 1)) <0 

=> M(Sz,Tz,kt) 2 M(Sz, Tz,t) and N(Sz,Tz,kt) < N(Sz,Tz,t) 

=> M(Sz,Tz,kt)> M(Sz, Tz,t) and N(Sz,Tz, kt) < N(Se, Tz, t) 

=>Sz=Tz (by Lemma). 

From contractive condition 

o(M(Az, Bl ake), M(Sz, dÉ m5 M(Az, Sz,t)M(BTx,, d TI 1 Bai 
M(TTx,, 4, Az,t)) 2 0 

and 

O(N (Az, BT, kt), N(Sz,TTx,,,,,t),N(Az, E EK EE 
N(TT*x,,,,,Az,t)) < (0) x As n — o 

CE Tz, kt), M(Sz, Sz, t), M(Az, Tz, t), M(Tz, Tz, kt), M(Az, Tz, t)) > 0 and 
O(N (Az, Tz, kt), N(Sz, Sz,t),N(Az,Tz,t),N(Tz,Tz, kt), N(Az,Tz,t)) « 0 


de (Az, Bz, kt), M(Az, Tz,t), Mäe, Tz, t), M(Az, Te, kt), M(Az, Tz,t)) 2 0 
an 


O(N (Az, Bz, kt), NCAz, Tz, t), N (Az, Tz, t), N(Az, Tz 
(Since ọ is non-increasing in second and 
= M(Az,Tz,kt)> M(Az,Tz,t) and N (Az 
= Az=Tz=Sz. 

Again from contractive condition 

(M (Az, Bz, kt), M(Sz, Tz, D, M Az, Sz,t), M(Tz, Bz, kt), M(Tz, Az t))20 
and $(N(Az, Bz, kt), N(Sz, Tz,t), N(Az, Sz, t), N(Tz, Be, ht), N(T2, Az,t)) UU 


3 


,kt), NLäs Tz,t)) <0 
fourth argument) 

T2, kt) < N(Az,Tz,t) 

[By Lemma-1]. 
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and O(N (Az, Bz, kt), N(Az, Az,t), N(Az, Az, t), NCAz, Bz, kt), N(Az, Az,t)) > 0 
=> «MG, Bz, kt), Mz, Tz,t), M(z, 2, t), M(Tz, Bz, kt), Mz, Tz, t)) > 0 
and O(N (z, Bz, kt), N (z, Tz,t), N (z,2,t), N(Tz, Bz, kt), N(z, Tz,t)) « 0 . 

Since @ is non increasing in second, third and fifth argument 
= b(M (Az Bz kt), n(Az, Bz,t),M (Az, Bz,t), M (Az, Bz, kt), M (Az, Bz,t))>0 
$(M CAz, Bz, kt), N (Az, Bz,t), M (Az, Bz,t), MC Az, Bz, kt), M(Az, Bz,t)) 2 0 
and AN AS, Bz, kt), NCAz, Bz,t), NC Az, Bz,t), N( Az, Bz, kt), N(Az, Bz,t)) < 0 
= M(Az, Bz, kt)  M(Az, Bz,t) and N(Az, Bz,kt) < N(Az, Bz,t) 
=> Az=Bz 
— Az =Tz=Sz=Bz and now we show that Bz=z. 
By contractive condition 
9M (z, Bz, kt), M(z, Tz,t), M(2, 2,0), M(Tz, Bz, kt), M(z,Tz,t)) 20 
and A(N (z, Bz, kt), N (z, Tz, t), N (z, 2, t), N (Tz, Bz, kt), N (z, Tz, t) «0 
=> QM, Bz, kt), M(z, Bz,t),1,1, M(Bz, 2,0) 2 0 
and o(N(z, Bz, kt), N (z, Bz,t),1, 1, N(Bz, 2,t)) < 0. 
Since ọ is non increasing in third and fifth argument 
$CM (z, Bz, kt), M(z, Bz,t), Mz, Bz,t), M(, Bz,t), Mz, Bz,t))20 
and X(N (z, Bz, kt), N (z, Bz,t), N Gz, Bz,t), N (2, Bz,t),N (2, Bz,t)) <0 
— Mis, Bz, kt) > M(Bz,z,t) and N(z,Bz,kt) < N(Bz,z,t) [By Lemma-1] 


=> Bz=z. 

Hence 
Az=Bz=Sz=Tz=z. 
Thus z is a common fixed point of A,B,S, and T. 
Uniqueness. Let z and z' be two common ze 
and T. Then Az-Bz- Tz-Sz-z and Az -Bz-Tz 
Using contractive condition, we get 


$(M( Az, Bei, kt), MG, T2, 0, MS, Azt), MG Bo’), M(Te', As) > 2 
and $(N(Az, Bz' kt), N(Sz, Tz',D, N(Sz, A2,0),N 22, Be e ,Az,t)) € 
EN KMG, z^ kt), MG 2D, Msn D, MG z^ kD Ma dd 2 $ 

and KONG, kt), N@z NGO Ne'z SE E s 
> (UK Ga 2^ bt), Miaz D Me OMG m D, M DEAS d 
and O(N (2,21, kt) N@2',0,N (5,2, 0, NG^ 2,0, NG A7" 
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=> b(M(2,2',kt), M(z,2',t), M(z,2',t), M G^ 2,0) 2 0 
and (N(z,z2',kt),N(2,2',t),N(z,2',t),N(@2',20)20- | 
(since $ is non increasing in third and fourth arangement) D 
= M(z,2',kt)> M(z,z',t) and N(z,z',kt) s N( z^.) [by second condition] 
=z =z’ [by Lemal]. 
Hence z is a unique common fixed point of maps A,B,S,T. 
Corollary. Let A,B,S and T be self mappings of a complete fuzzy metric 
space with continuous /-norm defined by above satisfying (i), Qi), (iii), (v) 
of Theorem 3.1 and there exist some k € (0,1) such that for x,ye X,t 20. 
(M (Az, By, kt), M (Sx, Ty,t), M (Sx, Ax,t), M (Ty, By, 2t), M (Ty, Ax,t)) > 0 
and $(N (Az, By, kt), N (Sx, Ty,t), N (Sx, Ax,t), N (Ty, By,2t), N (Ty, Ax,t)) <0. 
Then A,B,S and T have a unique common fixed point. 
Theorem 3.2. Let (X, M,N,*,9) be a complete fuzzy metric spaces. S and T 
have a common fixed point in X if and only if there exists a self mapping A 
of X such that the following conditions are satisfied: 
0 ` A(X)cT(X)aS(X) 
(i) ^ pairs (A,S) and (A,T) are compatible of type (P) 
(iii) 3k c (0,1) such that for all x,y€X, t» 0, 
(M (Az, Ay, kt), M (Sx, Ty,t), M (Ax, St), M (Ty, Ay, ht) M (Ty, Ax,t))20 
and 
O(N (Ax, Ay,kt),N (Ss, Ty, t£), N (Ax, St), N (Ty, Ay, kt), N (Ty, Ax,t)) <0. | 
SC s and T have a unique common fixed point. 
roof. We have shown that the necessity of the conditions (i)-(iii). 


Suppose that S and T Have a common fixed point in X, say z. Then z—T2. 


| Let Ax=z for all xeX. Then we have A(X)CT(X)NS(X) and we know that 


[A,S] and [A,T] are compatible mappi 
ings of i = d 
AT=TA, and hence the con TT type (P), in fact AS = SA an 


p€(0,1), we get M(Ax,Ay,kt) - land N(Ax, Ay kt) - 0 So 

D M 
dat? (As Ast) M (Set), MCA Sec TS, Al M (Ty, Ae cen 
and $(N (Ax, Ay, kt), N (Sx, Ty,t)N (Ax, Sx,t) 
for all x,y 


ditions (i) and DU are satisfied. For some 


XN (Ty, Ay, kt), N (Ty, Ax,t)) $0 
EX, t>0, and hence condition (iii) is satisfied. 
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Now for the sufficiency of conditions, let A=B in Theorem 8.1. Then A,S 


and T have a common fixed point in X. | 
S : t 
4. Conclusion. In this paper we used the concept compatible self 


mappings of type (p) in intuitionistic fuzzy metric space and proved 
existence and uniqueness of fixed point under the conditions of class of 
implicit relation. 
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ABSTRACT 

In this paper we prove a common 
contraction of two maps in cone metric space 
result of this paper extends and generalizes well- 
s the literature. s 47HIO 

10 Mathematics Subject Classification : 54H25, 
Keywords : Common rer point, Contractgive type mapping, Cone metric space, 7- 
Contraction principle. 

1. Introduction. The Banach contrac 
and effective too] in solving existence PT" 
mathematical analysis. The Banach contraction 
*Xpressions have been expanded and some fixed a 

eorems have been obtained in [112]. Haung SE 
metric Spaces, which is generalization of metric spaces, have conside 
“al numbers with ordered Banach spaces. They f cone metric 
: ]eteness ©. i 
"LVergence in cone metric spaces, introduced EN i and some other 
Spaces and proved a Banach contraction mapping 
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fixed point theorem for T- 
for rational expression. The 
known comparable results 


tion principle is a Very popular 
blens in many branches of 
principle with rational 
nd common fixed point 
hang [6] initiated cone 
by substituting the 


c0 lll . —.. 


(178) 
fixed point theorems involving contractive type mappings in cone metri, 
spaces using the normality conditions. Several fixed and common fixed 
point results on cone metric spaces are derived in [7,4, 11] and also various 
authors porved some common fixed point theorems with normal and nop. 
normal cones in these space [5,10]. In this paper we prove the common 
fixed point theorem for T-contracation of two maps in cone metric space for 
rational expression in normal cone settings. Our result extends the main 
result of Dass and Gupta [3], Imdad-Khan [8] and Olaleru[9]. 

2. Preliminaries. 
Definition 2.1. Let E be a real Banach space and P a subset of E. Then P 
is called a cone if and only if 
(i) Pis closed, non-empty and Pz(0] 
(ii)  ajbeR,a,b20,x, yeP—ax-tbycP; 
(iii)  IfxeP and —cP then x- (0). 
Given a cone Pc E, we define a partial ordering < with respect to P by xxy if 
and only if y-xeP. 
We shall write x«y to mean x € y and x + y. Also, we write x< «y if and only 
if y-x € intP. 
Definition 2.2. Let X be a non-empty set. Suppose the mapping d:XxX9E 
stisfies 
() — O<d(x,y) for all x,yeX and d(w,y)=0 if and only if x=y; 
Gi) — d(x,y)=d(y,x) for all x,yeX; 
Gii) — d(cy)sd(x,z)--d(z,y) for all xy, ZEX. 


Then d is called a cone metric on X, and (X,d) is called a cone metric 
space. 
Definition 2.3. Let (X,d) be a cone metric 
sequence in X. Then 


(ii) 


space, xeX and {x,} be 4 


{x,} converges to x whenever for every ceE with 0« «c there is 4 
natural number N such that d(x,,x) « «c for all n>N. We denote this 
by limd (x, ,x) L0 
(iii) Web is a Cauchy Sequence whenever for every ceE with 0« «c there 
1s a natural number N such that d(x,,x, ) ««c for all n,m z N. We 
denote this by lim d(x,,x,) - 9. 
Definiti ER e i i 

on 2.4. A cone metric Space X is said to be complete if ever 


Cauchy sequence in X is convergent 
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Lemma 2.5. Let (X,d) be a cone metric space over an ordered real Banach 


space E. Then the following properties are often used, particularly when 
dealing with cone metric spaces 


(P) Ifxsy and y<z then x<z. 
(Pj)  If0xx« «c for each ce intP, then x= 0 
(P) IfxeAx where xeP and 0€1.«1 then x= 0 


(P) Let x, 0 in E and 0«« c. Then there exists a positive integer ny 
such that x, « «c for each n»n;. 


3. Main Result. Suppose that (X,d) is complete cone metric space, P 
is a solid cone and T:X—X is a continuous and one-to-one mapping. 
Moreover, let f and g be two mappings of X satisfying 

pd (Tx, Tfx)d (Ty,Tgy) 
d(Tx,Tgy) d(Ty,Tfc) - d(Tx,Ty) 
For all x, ye X such that x+y, d(Tx,Tgy)* d(Ty,Tfx)* d(Tx, Ty) 20 , 


where a,B are non-negative real with a «1 and f and g are T- 


d (Tfx,Tgy) < ad (Tx,Ty) + 


Contractions. Then 
(i) There exists ze X such that lim Tfx,, = limTgz,, =Z, 
(ii) If T is sub sequentially convergent then {f%2,} and {g%o,4;} have a 


convergent subsequence. ; 
(iii) There exists a unique we X such that fw=gw=w that is f and g 


have a unique common fixed point. 
(iv) It T is sequentially convergent then the sequence {fxm} and (gxo,.il 


converge to w. 
Proof. Suppose that x, 
WAT CES n=0,1,2... then 
d(Tx,, Seier x d(Tfo, gen) 


is an arbitrary point of X and define %2,.1 = Dr and 


Bd(Tx,, ër, )a (Ts. Tg.) 
s ad (Tsn vT Xans ) $ d (Tkon 18% 2001 ) 28 d(Tx,, Pon ) + d(Tx,,, CHE 


Bd(Txs, Tx, fe, Saal 
i SS (Tran ; Tani ) S d(Tx;, Ioa) + d KENE ) t d KKH BEEN 


Bd (Tx, re, a) d (Tisi T) 
MEAT CIUS LA ENS 
S od (Tan Pane ) l d (Tx,,, TX», ) * d (Tan T3544) 
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By triangle inequality p 
d(Tx,, io T4, a) s d (Tx, DU Tx, )* d(Tx,,, TX; ) 
Thus 
d(Tx,, ls a) S ad (Tx,,, T Xon +1 ) + Bd (Tx, NK ) 
elo A Be Të f 
Similarly i 
dito oa) = d(Tfo, a T8352) i 
ES ad(Tx,, +1? Ton? ) 
+ Ba (Tx, ue Mont Il ] 
GU DTE. s) Vë d(Tx,, +2? Ds s) + d (Ton +1 DEG 2) 
s ad(Tx,, ., T», 2) f 
aD s) ar AUS a ee 3) + ga e Ms) : 
| 


d DE KKH ) +d ( een a TX om2) 
By triangle inequality 
d (Tran T», al sd (bern H Tu ) + d (er H Tx, n43 ; 
Therefore 
aU Tu, s) S ad (Toy, ip 13,2 ) ar Ba (Tx, .. 3 Tx, 22 ) 
E (a + e De, al : 
If }X=a+8<1 then 


(Ts, Ts.) s Ma (Ts, Ts) Ate, Ts.) e. cand (Tx Ts). 
Now for any m>n and 3 «1 


i d(Ts, Ts, ) s dis A d(Ts, T...) e. e d (Tx, Tx) 
SU At gmt )d (Tx, T,) 
< 


1-3 4008 T.) >ðasn >% 


Thus from P, we hav Na 
; : 1-3 (T, Tx, ) «« c for all n sufficiently large and 


i] O«cc. F 
i rom (P) we have d(Tx,,Tx,,) «« c , It follows that (Tx, ) is 2 
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a : ce a cone metric space X is co : | 

mplete, t f 
ze X such that Tx, >z asnoo. p here exists i 


Thus lim INE EA and  limTgz, =z. 


if T is sub i 
Now sequentially convergent (Peon Wreeples, H has a 
convergent subsequence. Thus there exists ek and { fx,,; } (resp. 


w, € X and lee, such that 


lim fz,, =W, and limgx, =W; « 


Because of the continuity of T, we have 
lim Tfx,,-Tw, and lim Ter, = Tw). 
Since T is injective there exists we X such that Tw=Tz. 
Now we shall show that fw=gw=w. 
Let on contrary that Tw 2 Tgw so that d(Tw,Tgw)=w>0. 
Now we can write 
w <d(Tw,Tx,,9)+d(Tx», Tel 
< d(Tw, Tx2q.2)+ d(Tz,,.,, Tgw) 
S d (Tw, Txan? ) 5 ad (Txa. Tw) 
Bd (Tx... Tf...) d (Tw, Tew) 
S d(Tx,, 4, Tgw)* d(Tw,Tfo,, i) * d(Ts,, 4, Tw) 


< d(Tw,TX2n.2) + ad (Tx Tw) 
Bd (Tx,, s Tfno )d(Tw,Tgw) 


* (Tas, Tw) +d (Te, fina) + A(T TW) 
- )=0, a contradiction so that 


a 


which on making n> gives d(Tw,Tgw 
Tw =Tgw. 

Since T is one-to-one therefore gw- v. 
Similarly we can prove that fw=w: Thus fw 


fix i d g. e i 

pe d shall show that w is the Rp fixed point. 
. : . Then 

Suppose that w* is another common fixed point SES 


d(Tw,Tw*) = d(Tfw,Tgw") 


=gw=w that is w is a common 
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; Bd (Tw,Tfw)d (Tw*,Tgw*) 
sad(Tw,Tw*)+ d(Tw,Tgw*)-* d(Tw*,Tfw)* d(Tw,Tw*: 
Using (P,) it follows that d(Tw,Tw *)=@ which implies the equality 


Tw=Tw*. Since T is one-to-one w-w*. Thus f and g have a unique 


common fixed point. 

Ultimately if T is sequentially convergent, then we can replace n by 
n;. Thus we have : 

lim fx, =W and lim gx,,,, =W 


Therefore if T is sequentially convergent, then the sequence (f, } and 


lee, converges to w. 
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ABSTRACT 


In this paper we introduce and study a new subclass S’(a,B,7) of 
spirallike function defined by Ruscheweyh derivative [10]. We give a 
representation formula for the class S*(a,B,y) some coefficient 
inequalities are discussed and n-spiral radius is obtained for S*(a,B,7). 


Finally we prove a subordination theorem. 
2010 Mathematics Subject Classification : Primary 30C45, Secondary 
30C50 
Keywords : Spirallike function, Ruscheweyh derivatives, n-spiral radius, 
Subordination theorem. 

1. Introduction. A logarithmic spiral is a curve in the complex 


plane of the form 
(1.1) 


s with w, #0 and Re(X)*0. If we 


) is called a A Spiral which joins 


U — EH, o «t «oo 
where w, and X are complex constant 


take A — e^, -x/2«X «n/2, the curve (1.1 


a given point w, #0 to the origin. Observe that 0 spirals are radial half- 
0 


a j id to be 
E AG aid to 

A domain D containing the origin 1$ $ SE 

point w. +0 in D the are of the A-spiral from wy to the origin lies entirely 
is si J tes th 

in D. This obviously implies that D is simply connected. ae E S 3 
open unit disk. A function f analytic in U, with ROO is SE S s S " 
if its SC spirallike Finally such a function 15 spir ei 

range = 5 


Spirallike for some A. 


^-spirallike if for each 
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(184) 
racterized by an analytic condition 
t generalization of the condition for starlikeness as follows; 


A function f analytic in U, with f(0)=0, f'(0) «0 and f(z)#0 for 0«|4 «1 


Spirallike functions can be cha 
which is a sligh 


is said to be À -spirallike [15] if 


Re e zu >0,zeU, (1.2) 


for some real Ap « 1/2, Let S^ denotes the class of all such functions. The 


class of spirallike functions was introduced and studied by Spacék [15] in 
1933. Spaĉé also determined that spirallike functions which are univalent 
in U. 

The notion of A-spirallike functions generalizes the concept of 
starllike functions using logarithmic spirals instead of line segments. For 
instance, 0-spirallike functions are simply the starlike functions. 

For the proof and geometric interpretation of condition (1.2), the 
reader may consult Duren ([4],2.7). We remark that many authors adopt 
the condition with e instead of e^ in (1.2) as the definition of A- 
spirallike functions. 

In 1967, Libera [6] introduced the class of X.-spirallike functions of 
order a(0<a<1) in the open unit disk U, denoted by S^ (a), by replacing 
the condition (1.2) by 


Re e EI > acos, zeU. (1.3) 


Mogra and Ahuja coined the notion of )-spirallike functions of order 
a and type f in [7] by further extending the class of 3 
of order a as follows: 
À function analytic in U is said to be X 
and only if the inequlity 


ef (2)! f (z) 
2g(zf'(z)/ f (z) -1+(1-a)e* ei -(zf'(z)/ f (z) -1) den 


-spirallike functions 


*spirallike of order o and type P; if 
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pe 


= SS ae 
D) i 


Ids for 0< (185) 
n holds tor sa<1,0<B<1 and -n/2<)<2/2. The class of -spirallike of | 


order & and type p is denoted by S" (a, B). Since S’ (a,B) c S^, it follows 


that the functions in S^(a,B) are univalent. 


Various subclasses of spirallike functions have been introduced and 
studied extensively by many authors in the literature. A number of results 
have been proved concerning representation formulae, growth bounds, 
distortion bounds, extreme points, radii of starllikeness and subordination 
theorems etc. for functions in these classes. For more information and 
interesting results on spirallike functions we refer to [1,5,6,7,12,13,14,15, 
17,18] and references therein. 

In the present paper our aim is to introduce and study a new 
subclass of spirallike functions denoted by S^(a,y,B) which is defined 


using Ruscheweyh derivative [10]. This subclass will include various 
subclasses of spirallike and other well known classes of analytic [10]. This 
subclass will include various subclasses of spirallike and other well known 
classes of analytic functions as its subclasses. First we give a representation 
formula for the class S" (a, B. y). Next, we shall provide coeffieient bounds 
his class. We then prove a 


and distortion properties for functions in t 
consisting of 


subordination theorem for a subclass of S^ (a, y,p) 
we obtain à -spiral radius for 


Ruscheweyh type analytic functions. Finally, 
function in S" (o, y, B). 


2. The Subclass S^(o, y, B). Let A denote the class of functions of 


the form f (elen Za analytic in U. We introduce a subclass of A 
n=2 


consisting of functions f(z) which satisfy condition 


yl 
Re 2,20 PD) acos (zeU), (2.1) 
8^ D'f() - 
for 0<a <1,8#0 and y» -1. Here D'f (z) is the Ruscheweyh derivative of 
<a<l, 


f introduced by St. Ruscheweyh [10] defin 


Wen - 24 Y, A ()7- (2.2) 
| D'f( ) Ea ( ) 


ed as 


n=2 
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here '*' denotes the convolution or Hadamard product of two power series 


and 


BS +2)...(y+n-1) 
RR, (2.3) 


Note that 
il 
= = —— +1). 
A, (0)=1,4,(1)=n and A, (Y) SSC (y+1) 
We designate the class of functions satisfying condition (2.1) by 


S'(a,B,y). We shall see soon that the subclass S’(a,8,y) contains many 


well known classes of univalent functions studied by several 
mathematicians in the literature as well as new subclasses of univalent 


starlike, spirallike and convex functions. Since S’(a,B,y) c S^, it follows 


that the functions in S” (a,ß,y) are univalent. 

In particular, for à =a 20,8 -2,y-0, then we get S°(0,2,0)=S’, 
the class of starlike functions and for }=0,8=2,y=0, we get 
S^ (a,2,0) - S (a) the subclass of starlike functions of order a. 

If we take X =0,8=1,y=1 then we get the subclass S? (a,1,1) = K(a) 


of convex functions of order a. For parametric values A = 0,8 = y =1 and 
a =1, then we get the class of convex functions K. 


Furthermore taking 8 = 2,y=0, we obtain the class of ).-spirallike 
functions of order o with | < 1/2. 

3. A representation for S^ (a,B, y). Let A, denote the subclass of 
functions de A which are analytic in U and satisfy Wal <1, for all zeU- 


We first prove the following lemma: 


Lemma 3.1. If a function h(z)-1*Y e, analytic mU satisfy the 
n=2 


condition 


2 à 
ell -1«e* (1-2/8) 


; - ES (3.1) 
plz)-1+e (1-2/8 +2(1-a)cosa) 
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for some 0 <a <1,B +0, e (-7/2,7/2),z € U then 


e lte” (1-2/8) +{(1-2/B+2(1-a)cos2)26(z)} 
(2/B)(1+ 26(z)) PS? 
for some $ € A,. Conversely, any function h(z) given by (3.2) for some 


Ae A, is analytic in U and satisfy (3.1) forall ze U. 


h(z 


Proof. The first part of the Lemma is obtained by an application of 


Schwartz's Lemma. 
To Prove the converse part we see that the function 
1+e(1-2/B+{1-2/B+2(1-a)cosa})z 
(2/B)(1+z) 


w(z)= 


maps|z|<1 onto the disk 
1-2/Bw(z)* e^ (1-2/8) 
in the w-plane. The conclusion of the Lemma now follows. 
We now give a representation formula for functions in the class 
S* (o, B, y) for a particular choice of the parameter y. We shall use Lemma 


3.1 to prove our theorem. 
Theorem 3.1 A function f (2) € A is in the class S*(a,B,7) if and only if 


i T i —a)cos CEU | e» 
Po- sem [e*t] * (1-2/B+2(1 ) deser 
n € N, ={0,1,2,...} for some $€ A. 
Proof. Suppose that f(z)e S (o, B,v)- Let us define 
DLAC) c eM 
g(z)= EE n 0 


fies hypothesis of the Lemma 3.1, therefore we can 


Note that g(z) satis 
write 
(3.4) 


Tener 1-2/p+{1-e(1-2/8+2(1- aeost)=4(2)}) 
&(z)- (1/8)(2+ ze (2)) 
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for some Ae A,. From this we obtain 


1 í , don e^ (1-2/8) e ^(1-2/8« 2(1-a)cos2) 26(z) ae 
j (2/8)(1+ 26(z)) 2/3(1+26(z)) 
In his paper Ruscheweyh [10] proved that 


nf (7 (n) 
Ser TL i ) 


g)-—-2-— 
2 Zz 2 


i ` „n€ No = 02 )- 


D"f (z) is known as the n^ Ruscheweyh derivative of f(z) (see Al-Amiri [2]). 
Using this we get 

1 1 1 fe? (z) 1 

= ae 


Thus (3.5) yields 
ENDE MCI. e (1- rp +2(1 a) cos) si) 
(n+1) f(z) z 2z|(2/B)z(1- z&(z)) 2/3(1+ 26(z)) 


Integrating from 0 to z followed by exponentiation, we get 


(AT zexpJe* (1— : du 


(n+1) 
enlastar] ; 
Conversely if (3.3) holds, then 
Lë (2) 5 : 2, 
ee aa] 


| een 


| Taking log on both sides and using (3.5), we get 
| d" f (z) E len (ile 2/p)- e^ (1-2/p+ ep ose 


D"f(z) z (2/B)(1+26(z)) 
Now the result follows from the converse part of the Lemma 3.1 
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Remark 3.1 Choosing B-2,n - 0 in (3.3), we obtain a representation 


formula for A.-sparallike functions of order o determined by Liebra [6]. | 


4. A Sufficient Condition. We now establish a sufficient condition 
for a function to be in the class S" (a, B, y). For this purpose we first prove 
the following Lemma: 

Lemma 4.1 Let f(z) 2 z4 Paz" satisfies 

n=2 
D' "uj (z) 
D'f (z) 
for 0«6«1 and zeU. 


Then f (z)e S^ (c,,y) for bs en (| 


sl 


«1-6, 


Proof. We may write 
SHG tele) where lw(z) «bz eU. 
Thus, we have 
2 2 4D'"'f(z)| gef 2/p«(2/B)e^ (14 (1-8 
Refi 2 Fe PEO ach 2/B+( /B)e ( zl )w(z))} 
= 1-2/8. +(2/B)cos2 + (2/B)Re [e^ (1 (1-8)w(2))] 
21- 2/84 (2/B)cos*.- (2/B)(1-5)]s(z) 
»1- 2/84 (2/B)cos^.- (2/B)(1-8) 
= 14 2/cos^. - (2/8)(2- 8) 


>acosh, 


: -1 (2/B)(2 = ô) = and this completes the proof. 
provided D < cos = ae 


SEN 
"id 


Proof. Taking 5=5 -(p/2)(1* ((21B)-a)cosà) 


result follows. 


e CIE <(2/B—a)e0s%, then f(z) e S* (2-67) 


in previous Lemma, the 
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Theorem 4.1 Let f(z) =2+ Ya. If 


n-2 


E, Jle..] « (2/8) - a), (4.1) 


Slew- 


then f(z) e S^ an 
Proof. By Lemma 4.2 it is sufficient to show that 


Beng) -q )cosÀ. : 
| D'f (z) =l <((2/B) ) A (4.2) 


Note that 
D' f(z) Tx D'f (z) E ya, A, (v) * Aya DIE 


From this we obtain 


S n £z 1 n 
D'"f(z Dries, Bis (EJ e 
ovo o 0—— 


n-1 


| ZE Gol, 
s a O 


nz2 y+1 


1-2 A, (Nl, 


D n1 = 
Poe 
Zia jA eer" 


| 

| 

1-54, (r)a, 
This is bounded by(2/p— a) 


n-1 
le 


cosh if 
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GE 


n=2 


<(2/B-a deel? YA Gollo, J 
which is equivalent to 
2 (IB- ac (n - 1) Qr 1)see2) A, (1) a, 


This completes the proof of the theorem. 
Taking y =0 in (4.1), we get 


<(2/B-a). 


Corollary 4.1 Let f (z)e A. if Za: at (n- 1)seeAMa, | « ( (2/B-a) then 


f (z) e S*(a,B,0). 
The follwoing corollary is due to Kwon and Owa [5] which 
corresponds to 8 = 2,y =0 in (1.1). 


Corollary 4.2 Let f(z)e A if > {(n+1)+(1-a)cosa}fa,|<1-a then 


f (z) € S^ (a,2,0)=S*(a). 
Remark 4.1. For parametric value 4-0,8-2 and y=0 we obtain a 
sufficient condition for f(z) to be starlike of order o proved by Silvernman 


[13]. 


Now we shall prove the necessary coefficient condition for functions 
in the class S^(o,, y). 
Theorem 4.2 Let f (z) € S^ (o,, y) then 


la;| x B(1- acosX) (£8) 
and 
7 B(1-acosA)( n»n. Pacers) (4.4) 
EE (n- 1)A, J 


Proof. Since f (z) e S^ (a; B, y), therefore 


Reli- 2 wee a zro > a cosA,(z eU). 
p 


B  D'f(z) 
Define the function q(z) by 
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Es eem Oy 
(zE : 
d= 


Then q(2) is analytic in U and satisfies q(0) = 1,Re(q(z)) >0. 


Let us assume that 
q(z) =14+q,2+Q2+-.- 


Then, we have 


1+(2/B)e” ae =(1 eco) DE acosh (2/B)e^ 


= 1+(1-acosh) a +(2/B)e", 


n-l 


which on simplification gives 


(2/p)e^ (D'"f(z) - D'f(z)) E pr) - cosh) Y. q,z" | 


n-l 


From this, we obtain 

2 ,n-l 

DR : A (v)o, x (1 pL cos Ho A,- lo, + QA,» KE *eck qn-242 (ya. ar gl 
Now applying the co-efficient estimates |g,| « 2 for Caratheodory function 
[3], we see that 

B(1—acosA)(y+1) 

CAES TUNES * A Clas] Alle A le, dn Asa CO) lana: 
For n=2, we get 

B(1- a. ege) Wa -1) 
EE em) E 
This proves (4.3) for n=2. 

For n=3, we get 

DU o ege Aly A 1) 
|a,|< ere a e {1+ A, Gell (4.6) 
B(L-a.cosA)(y--1) 
NS 
2A, (7) (1+B(1—acosa)(y+1)}. 
Thus, (4.4) holds for n=3. 
Let us assume that (4.4) is true for n— k, then 
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EE 


OE eee 


k BIER 1 Ri | 
k+l Ea) B= Baer ie 


| HO j 
_ B(L~acosd)(y +1) 13 B(1-acosr)(y+ 
"ai sen) 


Ur the result is true for n=k+1. Hence using mathematical 
induction (4.4) holds for all positive integer n>3. 

For parametric value , we get 
Corollary 4.3. If f (z)e S”(a,2,0) = S^ (a). then 

|a.|< 2(1-acos2) and 

2(1-acos) IJ jr A 
(n-1) à J 

Taking B = 2,y 20,2 0 in Theorem 4.2, we get a result of Robertson [8]. 
Corollary 4.4. If f (z)e S (a,2,0) -S then 
n-1 p 
la;|  2(1—a) and |a,|< II Sa 

5. The y-spiral radius. Let S be the family of all normalized 
functions which are analytic and univalent in U. Following Libera [6]. if 
f € S and |n| « 1/2, then n-spiral radius of f is defined by 


venir) eso rn OT olr 


and if E c S. then the n-sprial radius of E is defined by 


ņn-s.r.E = inf {n -sr.(f])]- 
-spiral radius of the class S° (a, B, y) for y 


M: eee "zb 


o, |< 


(5.1) 


We shall now determine the n 

Sil. 

Theorem5.1 n-s.7.S* (a, B,1) 
{(1-2/B+2(1~a)eosh)eas(n-2)-eosn} r? 


is the smallest positive root r of the equation 
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-(1-B/2+2(1 -d)cosA)r + cosn 20. 

Proof. Let f (z) € S^ (a, ,a). Then by Lemma 3.1, | 
pipa) 1s (6-218)? «(1-7 219-20 elek o) 
D'f(z) 3 1+w(z) 

where w(z) satisfies w(0)=0 and DIE <1. 

n 2f (2) 

f(z) 

(1+w(z))A(z)=e" *(1-Z/p)e ^ + fe" -(1-2/ß+z(1- a)cosr)e""”}iw(2), 

Therefore. 

w(z)- 

Now applying Schwartz's Lemma, it follows that A(z) maps the disk la sr 

onto a disk |A(z) -6 « R. were 


SS e^ seen onal Be e 
- -r 


3 


If y=0 and A(z)=e then (5.3) may be written as 


e" «(1-2/8)e 9 - A(z) 


Ser uaa (5.4) 
A(z)- e^ (1- 2/8 2(1-a)cosA) e" ^ ecu) 


(5.5) 


Thus, Re [e Se |: 0 if and only if 


f(z) 


l-r? 


" (1-p/24 2(1-a)cosA)r 
| l-r? S 
which on simplification gives, 
{(1-2/8+2(1-a) cos) cos(n—2)—cosn}r? 


: -(1-B/2+2(1-a)cosh)r+cosn > 0. (5.6) 
| This with the aid of (5.1) completes the proof of the theorem. 
Remark 5.1 By choosing suitable values of the parameters a BrA and T 
in the previous theorem, we obtain the co A 
several well known subclasses of S. 
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6. A Subordination Theorem. We know that if f(z =e, z” and 


g(z)= Ze are analytic in U, then their Hadamard product denoted by 


n=0 
f * g is defined by the power series 
(z) = D a,b,z". (6.1) 
n=0 


Clearly, the funciton f * g is also analytic in U. 


j We also know that a function f (z)e S is said to be convex if 
ref I ogen). (6.2) 
f'(z) 
) The class of all convex functions is denoted by K. 
Definition 6.1. Let f is analytic in, U,g analytic and univalent in U and 
r f (0) = g(0). Then we say that f is subordinate to g, denoted by the symbol 


f(z)< &(z), in U if f(U) c g(U). 


Definition 6.2. A sequence (b, m of complex numbers is said to be 


subordinating factor sequence if whenever f(z Zen z",a, =1 is regular, 


univalent and convex in U, we have 


35 a,z" < f(z) in U. (6.3) 


nun 


n=l 


We now state a Lemma due to Wilf [16] which we shall need to prove our 


subordination theorem. ) 
Lemma 6.1 The sequence (b VU. is a subordinating factor sequence if and 


only if 


E 


(6.4) 


n=l 


6) 


W in a position to state our subordination theorem for the 
e are now 


T subclass S^ (o, f. Y)- 


K, we have 
the Theorem 6.1 Let f (2) est (a,B,7): Then for any g(2) b: qs 
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_(2/B=a)+8e°h Aer, elle for zeU, (6.5) | 
2(2(2/B-a) +secA) | 
Here D'f is the Ruschewehy derivative of f as defined in (2.2). In 
particular 


voro als zeU). (6.6) 


(2/B-a)+secd 


Proof. Let f(z Jazt+ Ya, z" be in S*(a,B,y) and let g(z)=2+>°b,2” be 


n=2 n=2 


in K, Then | 


(2/B-a) däre ELA ez) (6.7) 


2(2(2/8—a) sec 2(2/B-a)-secA)N — zx 


Using definition 6.2, it is enough to show that the sequence 


i a)-*secAja,A, (y 2) ) 
2(2(2/8— a.) sec) Y 


is a subordinating factor sequence with a, - 1. Now using Lemma 6.1 this 
will the case if and only if 


(2/B-a)+secd $ | 
sl EE (y)z | > O(z € U) : 


Let us consider 


eie y (2/B-o)*sec `. a 
E k 23 2(2/B— a) +sec) Ae 


= Re! 14 (2/B- a) sec). (2/B-a j 
Bee "Egi aee) SecA Je ens 


nz2 (2/8—a) 


51. (2/B-a)+secr 2/8—a ^ S 
zw AGI Gli ejes ele Je OP 
(=r) 
ët (2/B-a)+secr »___(2/B-a) 
2(2/B-a)+secr 2(2/B-a)+seca” (using 1.1) 
zl-r 
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This prove that part of the theorem. The assertion that Re(D'f(z))> 

2(2/B — a) --secA A l 

E "^T f (z) e S*(a,B,y) follows by taking d = 
-zZ d 


in (6.5). 
For B=2,7=0,2 = 0, we obtain the following corollary for starlike 
functions 
Corollary 6.1 Let f(z) is regular in U and stisfies the condition 
y n-a 
l-a 


n=2 


a 


n 


<1, 


then for every function g eK, we have 
^ 2-a 
— = ihe <g(z)<1. 
Remark 6.1 For different values of the parameters A,o,B and y in 
Theorem 6.1 we get carre sponding results of [5,7,14] and references 


therein. 
Remark 6.2 By a proper choice of the parameters A,a,B and y in 


Theorem 5.1 we obtain n-spiral radius and radius of starlikeness of the 
classes studied by [6,7,9] an others. 

Remark 6.3 For suitable values of the parameters A,o,p and y in all 
other results of the paper too get results of [5,6,7,9,14] and references 


therein along with several new results. 
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ABSTRACT 


In the present paper, we establish two unified fractional derivative 
formulas of Saigo and Maeda type, pertaining to product of H -function and 
Srivastava's generalized multivariable polynomials. Our main results are in 
the form of two theorems and provide unification and extension to many 
known results obtained earlier in the literature. On account of being 
general in nature our main findings also yield a large number of known and 


(presumably) new results involving, for example, Saigo fractional calculus 
ke H-function. For the sake of 


operators, several special functions li 
illustration, we also record some special cases. 
2010 Mathematics Subject Classification : 
33C45; Secondary 33C60, 33D70. 
Keywords: Generalized fractional calculus operators, generalized class of 
polynomials, H -function. 

1 Introduction. In fractional calculus we investigate integrals and 
derivatives of arbitrary orders. The fractional donyane por 
involving various special functions have found significant ee 
applications in various fields of applied mathematics. Many 


work have studied certain properties, applications and CURED 
orkers uus hypergeometric operators of fractional 


Primary 26E33, 33E20, 


extensions of 


differentiations. 
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(200) 
Let a,a',8,B',yeC with R(y)>0 and xcR,, then the generalized 
fractional differential operators involving the Appell function F, in the 


kernel are defined as follows [8]: 


(ose CO rM RICO) (1.1) | 
-(4) (he sro Ca) (q(v) » 6n - [3(7)]*1) oa 


ade 


INC aer STEE BD. -Bn-vl- si = z) f(t)dt (1.8) 


and 
(Dap) (x)= (etf) (x) (1.4) h 
= 23 ee A) (=) (927) >0;n= [R Gol + 1) (1.5) 


Some ae) Ore | 


B [raton hr -a- roa ; (1.6) 


where F, is one of the Appell series defined by [10] 


F; (a,a',b,b';c;x, y) = » SEU ABC, ny 
m,n=0 C m! n! 


m+n 


(max{ 


x|,|y]}<1) 4D 


and (A). is the Pochhammer symbol defined (for 3 € C ) by [11] 


(A), d (n=0), | 
M(A+1)...(A+n-1) (ne N) | 

_T(A+n) : | 

These operators reduce to the Saigo derivative 


(DEEP a= (Dra) bett 
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operators as follows [7,8]: 
(1.9) 


"TE 3l 


and 


(n^ F) (=)= (DF) a) (n(9)o. 


(1.10) 
Furthermore we also have [8] 
Toni 9^1 yo m due a’ —B, p+ Bar Pt a'+y-1 
p*yY-a-o,p«y-a'-,p« f' 
(97) > 6, (9t(p) > max (0,9t(a +a & By), (o -9)])) (1.11) 


and 
[est 0B. p 2 ik a+a'-y-p,l+a+P'-y- p,1-B-p m 
1-p,l+a+a'+B'-y-p,l+a-B-p 
(sv) » 0,(9(p) <1+min{R(-), io ei —),9(a +B'-y)})) a9 
where I[...] represents the ratio of the product of Gamma functions, for 
example, 
doa). r(o)r(B)r(r) 
a,b,c | T(a)r(b)r (e); 
The A -function appearing in this paper is defined and represented as 
follows [2]. 


(a,,0,54;), y» E SE sls LP =|" AE, (1.18) 


AN 2 -HMN z si 
PQ oe GA, (5,8; DL d 


where 


KËNT 


ee : 
P I tr(1-5; «BE. IL (a; —aël 


which contains fractional powers Mao s 1,..,Q) are complex 
and throughout the paper a;(j=1-»P) EE S 


a, SOU - 1, P)B;? 07-5.) Stree 
(j 21..,N) and Bj - M1.) 


(1.14) 


amma functions. Here, 


all zero 
Parameters, 


simultaneously) and the exponents A, 


can take non-integer values. 
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ngu - NER 


om | 
Also Jang < 0n Ston — 
where 

M N Q e 
Ss Zbläläsl: pi E > 0, (1.16) 

jel jel j=N+1 


The behaviour of the H -function for small values of follows easily 


from a result recently given by Rathie [6, p. 306, eq. (6.9)], we have 


Hp |z]- dE = Min. (Re(b; /B;)} for small |z|. (1.17) 
For more details one may refer to [1,5]. | P 


For the present study, we use the Srivastava's generalized multivariable 
polynomials ([9],P.185,eq.(7)) defined as: 


RUDI Cem 


LR 
] 
[m/m] — [n./m,] (7n) La) 
k i k, k 3 
= Y Y —UM GC Alpin, hk, lp es xr (1.18) 
GE k,=0 k, ! k, ! 


where n;=0,1,2,...7=1,...,7), m,...,m, are arbitrary positive integers and d 


the coefficients A[n,,,;...;n,,%,] are arbitrary constants, real or complex. | 
2. Fractional derivative formulae. In this section we establish 

two theorems containing fractional derivative formulae involving H- 

function and Srivastava's generalized multivariable polynomials. 

Theorem 1. Let 0,0 B, B y, 2,p €C,9y) > 0, > 0,4; € 8, (j z1,...,r), and 


. RO.) 
RP) +h pin + max (0,9tta - B), Rla'+ B'+ a — y)] 


J 


and the conditions (1.15) to (1.17) are satisfied 


, then we get 
ABS? Lamm, — 
e G S Ont t) | 


(05,0; 4) y, (2;, TN (x) 
OB h 4,55, B;; B mug 


[m/m] [nim] B 
= eet e ( n Jim (7n, IR k Yu 
ae Sema Aln kh; nk yh PI 
ka ko k! k! Res R k lys, Y x 
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Sie (L-p-5 ku, 0-p-YX,b, y-o-a'-B';uD, 
s CH 3 | 2X" is s 


(b, B) aB E -JA k; *1-a-a';u D, 
Jol 


pe» *B- 05151, (aa j A) v, (a5, 0.) ip 
e um p joa, 

d (2.1) 

(L-p- 9 Xjk;*y-a-B505D,0-p- DAR, B; D) 
Ost Jel 


Proof. We can write 


[n m] [n, /m,] (7n, e " (7n, j ; y ; 
L.H.S. of (2.1) = > DI "E ee erst RM i 
-0 E "E 


hy =O k 


' ; 3 
gor ff D et 


[m/m]  [n./m]( —n =r ) , n n 
e ( Ju El ay phg snk, 19/2. 29002 
1 2 
ka hk, =0 k! e 


oe Shits p5- 


Late Je af zT Gode (By an appeal to (1.1) 
L 7" 


= ah rata y-1 


Das 
bum] bla LAU m Aln his nos e lh e 
DESEE 7 


bü k,=0 


r k z ER LB, D Ak; *ué- pa 
ER V, «up + 2k Vs yxo-ta'e Bip 2%; 
T 


1 i n 
s Soor M. E— 1-688 ihre 
Sch e pt Y Ak tnb T 
Re pum tue Wees D 2 
337 
Jul hëlle, Cedas ar, kii "ANE 
=x +A eg deg sep 


S ki 
k,=0 k,=0 k! £ 
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Tro, - ett: a,+a,8)}” Week E. 
zs e 7 7 | 
270 I (ra -5; «Bop II I (a; -«;9 Tue: 2X; -Y*G-ta)-p£) 
js Md TN) HS 
T2, -yraa p) eub (o Zb Pr a) ub) | H 
dé. | 
T((p + Yu - yt occ p) pOT( + Y A jk; =P) + p6) 
jel j=l 
Finally re-interpreting the Mellin-Barnes contour integral in terms of H- | í 
function we arrive at the required result. | 
In view of the relationship (1.9), we obtain | í 
Corollary 1. Let o, B, y,z,p €C, (a) > 0,1 » 0,2, € R,(j=1,...,r), and | S 
i 
Ra.) 
R(p)+u umin m + max (0,908), R(B+a+y)}>0 | L. 
then we have 


(apa A ue asp || | 

x | 
(b, B) (05, Bue | 
mim n, im ES s | N 
j S | kialta ^), ( n,). 345 


E oS k k, ET 
ka — ko k! Lä Aln ksnk Jyt yt x! | 


(1-p- 3, hts pYA k- , 
SS. Ha dë, y-a-p; ; D, PER OU) te 
Hoyos | 2" pr BuU uon e 


OB hanO SY NETS SE : 
Jj ite Be Dj) o .—p Diy "re 


Theorem 2. Let 9,0 B, B' y, z, p eC, Riy) > 01» 0X; € 91, (j 21,..,7), and 


R(p) + max Se: 
Is j<m 


j 


1 
"mp Dun -a ai 1) s(a'- B+ y)} 


N] 


and the conditions (1.15) to (1.17) are satisfied, then we get 


a,a* p, S SE r Ly 
|n: G Tr "S E Zoe » E LIED Ds n eg wen (x) 
GI Pup (b och. Bug 
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E: [ni /m,] [n, im] (=n ) (- ; f 
» = h,! sn k! [nokian „k Se 295 que 


(aja; Aj) lp 324 e;m), A- p- Dik ;t1-a-a'-B;u), 


-p- YA, * [10,0 - p- YA;R, ty-pB-a5p, 
Jal jd 


E > Ab, EEN LP 
TESI j 22 
(2.3) 


D p= trou (658), (bB; B;) 
KS 


Proof. Again on proceeding similarly as in the above Theorem, we get 


[m/m] (n, Im) (=n; ds i (7n, IS: , 
LHSoQ3- $2» EE obuson, dy yt 
iy = k, =0 1° 


M+1,Q 


D TE 
E j, «(Oz pue DD, D ja (x)dé 
EI 


Now using (1.4) we obtain 


[n im] In, {m,] (7n, E Cla as n,,k, Jy" 2 AC 
ox — k,! Ni, kija. SM, Y, 


L.H.S. of (2.3) = 


! 
An ki ky} 
hy tHe 


pb 
2n L| os oe (d$ 
TO) 


Xj, 
rum) rendo) Cus Apn son kä a 
S pa 


— wert cl 
= $9 see k! 
bs k,=0 2 


1 - 
zx; oe 
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Ele pi ey e+ Bip E 
EE ab dn B+y-p 2 5j -! m ue | 
Z 


r r FE 1-q' WT, E S Xk,- 
EE da Rechte ap P » HZ u$ 

ja 

niim, n, im,] ( — =n, G I A kat 
Sege um I( T), ol m Aln Eres nis f lt ess x 

bn k,=0 ki ! k, s 

: ` S Deen jk) - ut) 

: TIP, -8,9TT(TQ az E Tae ens 

g jel j=l 
Sab? 


IH (ra-5,«B,9]" TI Pio [(1-p- 273,5) ub 
N Es 


CNA j=N41 


MA-a'-B'+y-p- 9:6) - uS. B.- p- 32X,&) — Be) 
j=l j=1 


- dé. 
T(-a-a'-B+y-p- 7X) - uBT(Q - a4 B'-p-5/AR;) - pé) 
ja ja 


Finally re-interpreting the Mellin-Barnes contour integral in terms of H - 
function we arrive at the required result. 


In view of the relationship (1.10), we obtain 
Corollary 2. Let o, B, y,z,p EC, Ra) > 0,» 0,X; ER, ( 21,...,r) and 


R(a,)-1 
R(p)+ max ew « L min (0,[91(0)] - (p) - 1,R(a+y)} 


J 


then we have 


In: En Le i^ 9,0) EN E 


(5,854) y, (2,0 yip (x) 
OB ha OBB rg 


bied bist) (-n,) 5 
= p*p-1 1 mil, "mk, MES ZA 
Re ee Altai ok De ag a 


22] 


MAN ënner Akau), e Ab Miel H 
Hizan 2 n i: (2.4) 


1-p-Yj Bi) 1-p- S ; 
P 2 i; - Bi. - p 27k tatn D, OBa OBB una 
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3. Special Cases. 


(i) Taking A =B j=l in Theorem 1, we get the results in terms of well 


known Fox's H-function [4]. 

L OB, ds Sm gg (ut ee „yt TE JE e s (x) 
(b, Bus OB uo 

"ei mom). (m), , Zu 


ous an A[n „k esn k] k yt 
bü k,=0 k, ! k, ! ol » 


= preso rl 


Ee 
st 


ës p- Zog: p- Dh +y-a-a'-B'5p), 


(bj, B ius È; Blus: p- 324 *y-a-a5p, 


(1- pi 2 jh +B- 05 LO, (a; CAPRA CACT: 
(3.1) 


(1-p- SA +y-a-f';p),(1-p- SA NI 
Gi) Setting A(n,,À;..; n, b) = [I4 ) in the Theorem 1, we get 
j=l 
S PP (ajaj; A) ( a ap 
'0 pn e m; Ar M,N H dE e (x) 
Bs BBY C US, Lag |A m ; bj; "ACT pj; Bue 
i Jh 


el Peel Cn, Crea TQ af d 


aoe 1 ! 
bü kä ek k ES 


Dag: 2 kj; D, -p- ZA +y-a-a'-B uD, 


REM El 
= xp Y 


ët : yn k £y-a-a 5D, 
(b; Bao BiB umet- ~ 2 A 
KARA 
a- p- ZA jk; +B- Q5 yu, (2,0. j; Ajo; N+1,P (3.2) 


jal r 

r pue. -p- Y Ak; Bus D 
ap MICE D Sé 

jal 
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(Bia, in Theorem 1, the Srivastaya’s 

CU ENTIS 

polynomials occurring therein the LHS of Theorem l, then Eeer to the 

general class of multivariable polynomials given by Srivastava and Garg 

[12] and we obtain the result due to Choi and Kumar [3] . 

The theorem 2 also yields a large number of known and new results 
on suitable specification of parameters involved therein. However, for the 
space constrains, we do not record them here explicitly. 
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| ABSTRACT 
In this paper, we investigate the spread of epidemic like measles, 
| | chicken pox etc. in a finite population with susceptible-infected (mild)- 
' infected (severe)-removed (SI„IR) population. This investigation 
incorporates population- dependent death rate and provision of vaccination. 
| The analysis is carried out to find out the equilibrium points. The four 
equilibrium points are obtained. We also decide the vaccination rate to 
| eradicate the disease. It is established that the epidemic dies out if the basic 
| | reproduction rate is less than 1 and it becomes endemic if the basic 
| reproduction rate is greater than 1. The effects of vaccination, mild 
| | infection rate and mild to severity infection rate on the spread of epidemic 
| are evaluated numerically. The results of the computational simulation K 
reveal that vaccination strategy to eradicate the disease is most successful. : 
2010 Mathematics Subject Classification: Primary 92D30, 92C60; - 
Se 92D25 e ; 
| SE : Epidemiology, TA ADM Equilibrium points, 
ion- ent death rate, Perturbation. í b 
ere es The study of epidemics has a long history with a 


| vast variety of models and explanations for the spread and cause of 
epidemic outbreak. Many mathematical models on epidemics have been 
Ec n dynamics within the various types of 


| the transmissio : 

| ee Um aa trait can be a disease such as measles, HIV, tuberculosis, 
E A A e earliest mathematical models on epidemics was 
|! formulated by Kermack and McKendrick [1] to xc ie e ks 
| 2 late an SJR mode! wi 

epidemics. The first attempt to formulate See 


" 1 b Soper [21], 
be measles was given yas À 
| Ge e and constant birth rate. Biologically, this model was 


not compatible to the real situation. A model that includes births in the 
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AN we 


malaria etc. One of th 


E. a 
(210) | 
; V USE ation size and a death rate ; 
susceptible class STEE Rd "e members in the class um | 
each class proportional . M ondvick [16]. In most of the infectious | 
SEN, iv Re period after the transmission of infection from | 

Bn potential B OR before the time when these 

falli ransmit infection. 

BEE aro used for viral diseases as measles, chicken pox, 
were formulated (cf. Dietz [7], Anderson and May [1]. Epidemiological 
models focus on the transmission dynamics of trait or traits transmitted 
from individual to individual, from population to population, from 
community to community, etc. were developed (cf. Greenhalgh ({9},[10)). In 
case of sexually transmitted diseases, such types of diseases are transmitted 
by heterosexual contacts. Various mathematical models constructed to 
understand the spread of HIV/AIDS amongst population of injecting drug 
users and treatment of HIV/AIDS (cf. Greenhalgh and Hay [1l], 
Greenhalgh et al. [12], Donnelly and Cox [8], Srinivasa [22]). Other 
mathematical models related to control tuberculosis infection with 
HIV/AIDS were proposed (cf. Williams and Dye [25], Naresh and Tripathi 
[19], Wu [26]). Ball and Britton [2] developed a mathematical SIR model | 
for a finite population and in this model two types of infections, exposure or | 
mild infection, and severe infection were considered. They studied that how | 
mild infection leads to severe infection. Clancy [6] formulated an SIS model | 
for infectious disease transmission and an indirect transmission 
mechanism is incorporated. In this model a bi-variate Ornstein-Uhlenbeck 
. approximation has been used to approximate the results. Wang and Zhao 
[23] developed an epidemic model with constant infection period and 
between patches. It was found in this 
eriod enhances the chances of spreading 
SI model to know the effect of voluntary 
and it was found that the vaccine efficacy 
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0) | 
in | Mukandavire et a]. d 173 a 
s | — [20], Chow et al. a" Khan et al. [14], Li and Wang [17], Qiu and Feng 
Is In this paper, we Y 
m incorporating an exin class e SE E per e xx oe 
e | rate s mild infected class. We have assumed mild Rien RU 

| exposed period. In SIR models, the : e ee dE ace o 
X compartments and transmissions betwen ca E CN m ER 
al | this study, we include one more compartment for mild infected Ke ^^ CS 
d | population is divided into four classes namely individuals zh rs 
m | susceptible to the disease, but are not infected so far, mildly infected 
In number of individuals, severely infected, who are able to spread the disease 
ad and those who have been removed by immunity (vaccination/ temporary 
Lo | immunity). In this study we assume population dependent death rate i. e. 
g | the death rate increases as population increases. The effect of vaccination 
| on the disease is also considered. 
sr | The organization of rest of the paper is as follows. Section 2 
h 1 describes the mathematical model by stating requisite assumptions and 
hi notations. The equilibrium analysis has been discussed in Section 3. In 
el | Section 4, the stability analysis has been provided. In Section 5, we deduce 
or two special cases for (a) constant death rate and (b) fractional vaccinated 
M population. Section 6 is given for the numerical analysis and discussion. 
el | Finally, the concluding remarks are given in Section 7. 
n | 2. The Mathematical Model. We consider a SIR model where the 
Ke | total population Nu) at time ¢ is divided into four classes as susceptible 
0 | S(t), mild infected I, (£), severe infected Li) and removed R(t) so that at any 
d time t£ N2S«L,-I,tR. This model is similar to the model SEIR 
is (susceptible, exposed, infected and removed), as mild infected is the 
1g exposed class which can catch the infection but can not transmit it. All 
yo | newborns are assumed to be susceptible. We propose the following notation 
; b is the birth rate; f(N) the per capita population dependent mortality rate; 
n | B the per capita infection rate of an average susceptible individual, p the 
id | constant per capita vaccination rate of susceptible individuals; v the rate at 
o | which individuals leave the mild infective class without Ir. 
n | development and again become susceptible, y the per capita rate at w ic 
SR. | individuals leave the mild infective class to removed class pei bac 
M | against re-infection, £ the per capita rate at which e ua p d E 
Y infective class to severities and & the per capita disease in p? : eath rate. 
i j The graphical flow diagram of infectious disease is gen Ing: X nium 
p The transition flow of population between various Cass 
J described by the system of equations as follows 
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E - bN - BSI,, - f(N)S - pS VI, , 
aL, a BSI, Fi ENER: Le d. Ki vi, Ge el, t? 
dt 

dI 

~ =el -f(N),-aol,, 

apn jus v 

z = yl, - f(N)R+ pS. (2.1) 
On adding all the four equations, we get 
dN 

—=bN-f(N)N-dal, . 

27 f(N)N - al, 


3. Equilibrium Analysis. For equilibrium analysis, let us equate 
all the derivatives on the left hand side of set of equations (2.1) zero. We 
denote the equilibrium population of susceptible, mild infected, severe 
infected, recovered by immune and total population by S’, LL. R° and N’ 
respectively. In view of this, we have 


bN' - BST, -FNS - pS' «vL, - 0, 

BS I, -FNI af, ef =0, 

eL, -ANL - a1; - 0, 

yl, -fN R + pS’ =0 

DN - f(N'N" -al «0. (2.2) 
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A 213) Í 
e limiting natural death rate is given by f(%) Jim, f(N). 
Theorem Ue There are four equilibrium values as given below: 
(i) Extinction of the population. S' =P = I =R =N =0 (2.3) 
(ii) When disease is not present. 
PAN eS 
S =—— f(b), I =r =0 
b+p g ug 
R=? #1) N =f) 
ae (2.4) 
(iii) If the population is free from severities. 
e. Gries ji = pof (b) - (b-- 3 - v e)(b« p (2.5a) 
B(b-- y 4 &) 


(iv) The disease is present and maintains the population size at a 
level N`. 

ER frr ve p UO + a)(b= fO Uu Re pS iL, 

p y ae fW, 
` B(aeb (ON soi - FON (FIN e) 

BN“ GOV) e yv QN )+ p) 
ae ` ach -(f(N )+anb—f(N QN) v9) ` 
The value of N^ must be positive andb 2 f(N ). . 

If 4 FUN )then 


[NEU UO (2.6) 
m qi (y - a), - 0 - d) 


where a,c and d be the roots of the cubic equation given below 
? — bin? + +e)(a—b)-a )x -ayb 

yr t(atyte—d)y +((a y < 

and e=-(y+vt6é). We consider thatc,d>0>a. Then it is evident that a>e. 


m Cerio is monotone decreasing ing for x2c. 
Lemma 1. g(x) = Gay SC 
Proof. For proof see appendix. duals will be positive only 


Lemma 2. The susceptible and infected indivi | 


whenbz f(N ). 


f, 


‘a 
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quilibrium points that the susceptible 


Proof. It is clear from the e s tha 
individuals, infected individuals, mild infected individuals and severe 


infected individuals will be positive only if bz fN’). i 
By virtue of Lemma 1, we note that ef 
De o N is increasing expression in x and zero at 

as (x - a)(y, - Y, - d) 

x z f(N) using (15). Thus b> f(N^) if and only if 


Aer 


N 
Leit + p) 
Bruns (Qr yt vt EXP " 
ae asb- (y - a)(b — 3) y +8) ^ 
i. e. T'as Come q 
With the help of equations (2.2) for equilibrium and above Lemma 1 and 2, 
we establish the condition, when the disease is present and maintains the i 
population size at a level N° 

1 EH 
m |a 
4. Stability Analysis | ; 
4.1 The extinction of population. From the stability matrix the eigen E 


values are obtained; which are: -(f(0)+ p), — (f(0) 4- y - v - &), —(f(0) +4), 
b — f(0). The first three eigen values are always negative whereas fourth p 
one is negative only when b< f(0). In this case the population is stable if 


b € f(0), otherwise unstable. | i 
4.2. For disease free population. In this case the eigen roots are | ) 
AAN) + p), BS’ QN) eye ve), (FN) +0), -NT POT) . | 
All moots are always negative except second one. The second one root is | š 
negatio £ BS <(f(N’)+y+v+e) . The population is stable if 
BS <(f(N')+y+v+e) otherwise unstable. We conclude that the | 
population is stable iff f(b) < (o+y+v+e)(p+b) tytv+e)(p+ b) otherwise unstable | 

Bb Ka 
4.3. The population is free of severe infection but mild infection | — 
exists. The characteristic equation is obtained as [Ss 
A^ tai +a? aj ea, -0, vun | ; 
where À is a characteristic root | ES 
Here 
a, 7 pL, +N f'+2f+p+a, 


a, - N'f(f ko) * QN f' f * (BI, + f 4 p)+ BBS’ —»r 


m» 
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a, =N ËU rot + f+ p)++B(f +a)(BS -VN fT, -aefT. | 
(oy = DI +a)(BS —v)N, fT, -asf T, (BL, +f + p)* aep - S fr 
fN )=f'=e and f(N’)=f m? 
The coefficients of a biquadrat i i i 
n A ic q e equation (16) give all roots with 
Routh-Hurwitch conditions are: a,» 0, a» 0, 24,70, a; (a; ay- » a4 a 
Now o, as, ds, and a, can be written in the form as given below: — ie 
a, =, +eq,, A, =U, +e, Q4 =W, +eW,, A, =X, EE 


where 
Qi =r. +2f+a+p, q» ES 
us (I, + f * pf *a)* BI, (f zrek u =q N", 


w, = 0, w, -|e roer efe seb rto) 08% [V^ 


x, = aepbT,, % = Ts [preterea tete 


4.4 The infection exists whenever the population size is 

maintained at a level N'. When disease exists and maintains the 
e b+yt+tvte(b+ p) 

population size at a level N', we have f Ee and 


system is locally stable, otherwise unstable. 
The characteristic equation obtained in this case 1s 


A eb? b +b,À +b, =0, 
where b, 2 3f e NEU Ir pac Bl, -b, —-— 
b, - (OR N f ca - bf * p*BI)- (o6 -£ -N f')-al,f +B (f +7+8) 
b, =(f +a(ftN F up. +f + p)- oL; f Bl, +f+p)+Bl,(f *Y*9 

(2f - N'f! +a-b), 
b, = (BI;, (fS «aL 
FUN je f'=e and f(N )=f. l 5 
For the biquadrate equation (17 ) Routh-Hurwitch conditions are 
b,>0, b,>0, b4>0, b, (0102-03) > 1 by: 
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given by 


MEM  — 


(216) 
Dus : 
susceptible individuals is given ae f (b). Now we look into the effect 


of one infected individual who is introduced into the population. This 
infected introduced person may die at the rate f(N,), however after 
permanent immunization he goes to removed class at the ratey, due to 
temporary immunization he leaves the infected class at the ratev and goes 
to severe infected class with rates. Infected person leaves the mild infected 
class at the rate f(N,)+y+v+e and average infection period is 
p. o0 
TUN )+y+v+e 

produced by one primary infection is fS T -pbf '(b) (b+ p) 
(f(N )+y+v+e). This is equal to the reproduction number Rọ. If this 
quantity is greater than one then the disease free equilibrium is unstable. 

It depends on the specific disease and on the rate of contacts, which may 
depend on the population density. If Rọ<1, the disease will die out, but if 

this quantity is greater than 1 the disease will be endemic. | 
(ii) In order to prevent a disease from becoming endemic, it is essential to | 
reduce the basic reproductive number below 1. This may be achieved by | 
vaccination process. If newborn members per unit time of the population 

are successfully immunized then the rate of immunization should be at 
least b(R,-1). If a fraction p/p+b of the bN ; newborn members per unit time 

of the population is successfully immunized, the effect is to replace N, by 

N, {1-( pK p+b))} and reduces the basic reproductive 


The expected number of secondary infections 


number to 
Ry {l-(p/(p+ b))}. The proportion of the population which is immunized is 


P/(p+b)=1-(1/R,). If a large enough fraction has been immunized then the | 
disease can not become endemic. 


(iii) We can draw some other inference 
condition BS «f(QN )eye ves is for disease-free population and 
population is locally stable about small perturbation if 
BS »f(N )+y+v+e, otherwise the population is unstable. If the disease 


S from equilibrium values. The | 


persists then rati |o DON s ; . % 
EUMD Eu Le. if BS > f(N’)+y+v+e then 


the KS infection leads to severe infection and disease becomes endemic; if 


—————————— <1 th ild ; : f 
Den T en the mild Infection dies out and it does not lead to 
severe infection. 
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y and e on | 


vaccination 
number of 


yy) Now we predict effect of other parameters viz v,p, 
equilibrium values in case of disease prevalence. On increasing 
rate (p), the susceptible population remains constant but total 
population and severe infected population increases. If v increases then 
equilibrium susceptible individuals (S,), the total equilibrium population ( 
N ), mild infected population and severe infected population increase; the 
removed population increases sum of p times in susceptible population and 
y times in mild infected population. Thus it is clear that the rate of 
increment in removed population is higher. It is straightforward that on 
increasing £, the severe infected population increases but mild infected 
population decreases. This quantity enhances susceptible population also. 
It is also noted that disease induced death increases ascincreases. If we 
consider b—f(N ), then both types of infections tend to die away. 
(v) The Case when b>f(%). In this case, in the absence of disease, the 
birth rate exceeds the death rate. The population size increases without 
limit and becomes infinite. So if single infected case is introduced into the 
| susceptible class and the infection spreads into the susceptible class, the 
| disease will spread. Equation (14) which determines the population size has 
| a unique root if and only if f(~)>c. 
Now in the presence of disease when the vaccination rate is zero (i.e. 
p=0), following three cases arise: 3 
(a) b « f(0). this case represents only one equilibrium condition when the 
population dies out. This equilibrium condition is locally stable to small 
. n. ; 
e and f(o)»c. In this case two equilibria arise. First one is the 
n extinction. This equilibrium is unstable to small perturbation. 
ntains population size at a level N, 
The equilibrium is stable to 


E ee 


populatio | 
| Second one is the case when disease mai 
| and this is determined by equation (2.54). 
| small perturbation. 
| (9 Hais and b»f(0). 
| equilibrium where the popu 


For this case, there is only one possibility of 
lation dies out and this is locally SS to 
j i i erson, then the population 
bation. In this case, if there is one p th 
Ee Eu if only one infected individual is ME ES 
suse Ds class then in the population we find the fractions of à 
3 


((b — Tell, 
(fo) + a= f o) and (ii) severe infected as ee also 


f T aee population is 1-[(fo)  &96 - f (~))/ae] and the 


f(o)*ytvte. 


infected as 
the proportion o 


als is 


N 

| ax dena 
| total number of susceptible indivi 
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5. Special Cases. Now we shall discuss some cases as particular 
cases of our model as follows: Case when the natural death rate is constant, 


The equations governing the model for constant death rate (p) are i | 
dS _ oN PSI, -uS-pS+vI,, > | 

dt | 

dl | 
PON as SI a vi pr Ln ac VI, E Eln P 

dt p m | m Y 

al 

—=el,, —- ul, - ad, , 

dt m ul, 

dR 

— - yl, -uR * pS , 

sorella 

A SUN-uN -al,. (5.1) 


Equilibrium analysis. The equilibrium values are obtained by solving the 
following equations 


DN -BSI -uS -pS +vI, -0, 
| BST, -uI, yl, -viI eI, -0, | 

ef, - pl, - a1, =0, | 

yla -UR + pS"=0, 

bN' -uN' af -0. (5.2) 


Theorem 2. For equilibrium points S", I„', I". R^ and N , the following five 
possibilities arise. 
(i) The population dies out if S° = I, -I-R =N° =0. This is always 


possible. If b « 1, then the equilibrium is stable to small perturbation. 
(ii) Whenb=n. 


S'=N and I = I, =R =0, the equilibrium is locally stable to small 


$^ perturbation if BN" x i. y v.c e, otherwise unstable. 
(iii) Whenb-yg. 


N=S'+I,, and I, =R°=0 
Same conditions occur as in case (ii). 


(iv) When b2 y and lues 


> bu? +a? + pg), 


oc a present but population size Should be at a level of N,- 
g the equations from (18)-(22), the equilibrium points are | 

e HIE e Ire. S «yr | 
gods = EUM Nt g LBS eL, | 

ae $ | 
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fe elb- D (p y v e e) p) a 
B(ab — (-- a)(5 — 1) qu ns eil 
The size of population is given by 
BN ` (UL Y v e) p) 
a£ aeb-(u+a)(b-w(i+y+e) "SS 


The equilibrium is stable to small perturbation. 

u” E +E+ el 
: H 

| (u^ +a” zuel 

The population grows without limit. There is a situation when the 

infected individuals will become constant fraction of total population and 

susceptible individuals will also become constant i. e. (ut+y+v+e)/B. 


(v) When bz 


Interpretation. Here there are four cases 
(i) If b< u, then the population will die out. 
(ii) Ifb 2 u, in this case the population will be at constant level N'. The 


: 200. are BORQNSEME e 
threshold population size is N = RTE Tt is clear that in the absence 


of disease the threshold condition is independent of vaccination rate. 

(iii) If b.» ui, then in the absence of disease the population grows without 
limit. In this case the population size will become infinite and reproduction 
ratio will be infinite. Now to maintain the population size equilibrium, we 
introduce single infected case in the population. Then the disease will 
establish itself. A model was developed by Dietz ([7] in which the death rate 
was considered constant but vaccination campaign was not included. In this 
investigation, we consider the effect of vaccination campaign on the 


population. 


qe 
u” iae | 

s) ` EES 

(iv) If SEET É 
j is i ination rate. 

opulation growth is independent of the vaccina 
een equilibrium values, we deduce some inferences as follows: 
the total equilibrium population increases, the number of 
cted individuals increases, but susceptible individuals 
d it is clear that the increment is in immune class. 
vaccinated population. The model is governed by 


the population grow infinitely and the 


on increasing p, 
both type of infe 
remain constant an 
Case II. Fractional 
following equations: 
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TTT E 


e x bNq -pS,I, T; f(N)S, E^ PS, T VI, 2 
t 


oe = bN( x q) z^ pS,L, Es f(N)8, d 


Ta S BSI, E: f (N MIn zd Y, » VI, i el, 4 


dl 

E EE (N)I, -al,, 

ESCH f 

dR 

— =y -f(N)R+ EI 

gu s f p 

Zä DIN -al, . (53) | 


Equilibrium analysis. To obtain the equilibrium values, we solve the | 
following equations: | 
bN'q-pS,T,, -FN 18 pS, +vI,,=0, | 
bN'(1- g)-BS,I, -f(N’)S,=0 , | 
BST, -f(N)r,, a - vL, ef =0, | 
e, -f(N H -al =0 , | 
yL, -fA R + pS’ =0 , 

DN -f(N')N' -ol =0 . (5.4) 
Theorem 3.There are following three possibilities for equilibrium analysis. | 
(i) The population has died out. | 


RS =o el RN =0 always possible. ES 
(ii) ` When disease is not present. 
The equilibrium values are 


D 


x q Lj 8 x 
"see, S-0-aN, 
| 2 


T Pq H LJ RS 
SCHEI, N =f") . Ge | 
(i) Disease exists and regu | 


In this case b > f(N' lates the size of population at a level N . 


2 , ), the equilibrium values are 
r= yp -ENDON 

H oe N, 
e b- q) 


b = 
( >. D D s 
B/ neu? Giro: RAT AI KON initiative 


— 


OO 
| (221) 
St SND eee b1-quN' 


j e (B/A fN )- a)b - FON DN —. 
| The equation in N' is given as follows: FN DN + FON") 


ae 
where DON )=f 
3) Lemma 3. asb > (y * € - y)(p4 a)(b- y). 


d Pes (5.7) 


| Proof. See appendix 
the | Lemma 4. Let c be the unique positive root of asb- (y + e+ x)(x + a)(b — x) 
P. Then for each y with c< y <b, there is unique positive N (x) satisfying 
| (5.7) and N'(x) tends to infinity as y tends to c. 
| Proof. See appendix. 
| Lemma 5. N(x) is strictly monotone decreasing in % for c< y <b. 
| 
| 


Proof. For proof see Greenhalgh [10]. 
From the Lemma 2 and equation (5.7), we see that model has a 


unique positive root for N if b<f(N )if and only if f(@)>c and either 
b> fiel or f (is N (b) otherwise it has no positive roots. If we put Ech 


Ss in equation (5.7), we get 
Bee | wy Prvtvk9 D m 
i | B(b+ p- q)) 
£9 The threshold value is 

| pf eb p- 9) 

95 (b+y+tvte(b+ p ' 
The threshold value in the absence of vaccination (i. e. p=0) 1s 
| Be (b) 

56) | ! Qeytvte) | 
| Stability analysis. 


dies out. The eigen values are -(f(0)+ p),- f(0), 
b — f (0). All eigen values are negative except fifth 
locally stable if b < f(0) otherwise unstable. 

In this case the Eigen values are: ge 
J-N") +0), -N FAN ). 


(i) The population 
~(f (0) +7 + ,- (FO) +a), 
one. Thus the equilibrium is 
(ii) Disease free equilibrium. 


FON) p), - FOND (BS - (AN 14 v9 


BEE ve 
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All eigen values are always negative except à- Thus the equilibrium is 


locally stable if BS’ <(f(N )+y+vte), otherwise unstable. With the help 
of the equilibrium values, we get that the equilibrium is locally stable if 
only if 


es Britz D 


B[b+ p(1- ail 
(iii) When disease is there and maintains the population size at a 
level N . This is possible if and only if 
f(b) > (b-- y v eXb- p) 
Bib + p(l- q)] 

The equilibrium is locally stable if above condition exists, otherwise 
locally unstable. 
Interpretation. Here there are two threshold values, namely Ry which 
represents the actual threshold value and R, which is the threshold value in 
absence of the vaccination. The threshold value is given by 
SE Bf ^ (6)(b + p(1— q)) 

(b+ ytvte(b+p)’ 

disease dies out. Therefore to maintain the population in equilibrium, the 
single infected person’s entry in the population is taken into account. This 
infected person produces secondary cases of infections i. e. disease will take 
off. We deduce that the persistence or non-persistence of disease depends 
on the reproduction number. 

The relationship between R, and R, is given as R= R(1- pal(p +b)). 


If R,»1, then in this case (without vaccination) the disease may persist. 
The question is to eradicate the disease, for this to meet population must be 
vaccinated. But the answer of the question depends on the proportion of q. 
If this proportion is q « (1-1/R.), then removal of the disease is impossible i. | 
e. disease exists in the population. If g> 1-(1/R,), then the vaccination rate 
must be (b(R,-1)/ (-R,(1-q))) to reach the desired goal. 

6. Numerical Analysis and Discussion.The numerical simulation 


and stability analysis of equations (1) to (5) have been given in this section. 


The equations are numerically solved with the help of Range-Kutta fourth 


order method by fixing different parameters in MATLAB software as 

follows. The default parameters are : b=2.5, B, 23.86 p=0.2, v=0.1 

=0. E 2 ZE 3 179. > =U.2, = U. 4; 
uw RN 1.0, p, = 0.01, u, = 0.0001. The function f(N) is linear 
on in N; therefore let f(N)- y, +N. B is per capita infection rate | 


where the population is in steady state and 
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B=B,/N, where B,is the infection rate. The initial ] 
N(0)=21500, S(0)— 18320, 7 Mns. 
Fig? depicts dis i (0)=1000, Zs(0)=180, and R(0)=2000 
: istribution i i : 3 
classes when b=0. It is noticed of population with time for different 
Wie iced that all the classes of populatio 
zero as time increases i. e. all the population dies out n converge to 
also see s i after some time. It is 
eer pur Susceptible and removal populations decrease continuou I 
but infected mild and severe lati i : D 
populations increase a little for a short while 
and then tends to be constant because b=0 and some mild infection 
- to severity and due to severity, severe infected population dies out 
b Isease-induced death. Fig.3 shows the variation of population in 
i erent classes with time; in this figure we see that population of all 
classes increases for a short period after that population of all classes 
becomes constant (stable). 
In ease of bat figs. 4-7 show the variation of susceptible, mild 
infected, severe infected and removal populations respectively, with time 
for different infection rates. In fig.4 we see that on increasing infection rate 
\ the susceptible population initially increases but shortly it decreases and 
then becomes stable after some time. Fig. 5 shows that mild infection 
increases as infection rate increases. Fig.6 depicts that severe infection 
increases with infection rate and infection becomes endemic and disease 
| always persists in the population. The removable population also increases 
| as infection rate increases (fig.7). 
| Figs. 8-10 are given for variation of mild infected, severity class and 
removal class with time for different values ofc. In fig 8, the mild infection 
decreases on increasinge. It is noticed from fig. 9 that the increment Im £ 
the population of severity class initially increases and after some time this 
population decrease sharply because disease-induced death rate. Removal 
class decreases with time as £ increases (fig. 8). 


| Figs. 11-14 depict the variation of mild infected population with time 


for different vaccination rates. In fig. 11, the susceptible population 


initially decreases sharply on increasing vaccination rate p ae SCH Gre 
time it becomes stable. From figs.12 and 18, we see that both the in z e 
populations, mild and severe, decrease as increasing pas Ss p : 
after some time infection dies out. From fig.14, it is E ae 
removable population increases sharply with time 


dE Se S 
vaccination ra bserve by these figures that the in 


Overall, we o Si x 
ven eradicated by vacc on. — 
| nme this model, we investigat 


7. Conclusion. In t: s 
| for the population in which disease is taking o 
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fection can be 


e the role of vaccination 
ff and there are three 


(224) 


equilibrium points viz. population extinction, disease free-population and 
disease exists whenever maintain the population at the steady level. Al] 
these three equilibrium cases are stable for small perturbations. In case 
when disease in the population tends to endemic then the vaccination 
campaign is used to eradicate the disease. The vaccination rate for 
eradication the disease must be b(Fo-1), when Rọ the threshold value 
exceeds one. According to the equilibrium removed value, the fraction of 
the population that is vaccinated is pl(p-- b) 7 1-1/R,. The temporary 
immunization also enhances the removed class of the population. 

In the case of constant death rate, the susceptible population is 
independent of the vaccination rate but total population, both types of 
infections and removed class population increase. If b>f(%) the population 
increases infinitely. 

We know that the total population can not be vaccinated and the 
vaccination can not be cent-percent effective so real situation is that the 
vaccination is effective on a proportion of the total population. In this case 
two reproduction numbers arise of which one is for vaccinated population | 
and another one is for non-vaccinated population. Thus existence of disease | 
depends on these two numbers. 

Based on numerical simulation, it is noticed that vaccination 
enhances the removed population and that leads to eradication of the 
infection. The rate of transfer from mild to severity (£) also affects the 


infectious population significantly. Numerical simulation validates the 
analytical results satisfactorily. 


25000 , | 


49—9—9—9—9—9—9—9—9—9—9—9—9—9 
20000 - 


m-uU D -u—m—m- pap m a 


5 15000 4 
| 
1 10000 1 
| 


5000 4 


Fig. 2: Variation of population in Fi i 
1 of p ig. 3: V. j ion i 
different classes with time when b=0. dur WA UNE 4 
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Fig. 4: Variation of susceptible population (S) — Fig.5: Vets oi mild infective 


with time for different infection rates( B). 


population (/,,) with time for different 
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Fig. 6: Variation of severe infected population 


(Is) with time for different infection rates (B). 
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Fig. 7: Variation of removal population (R) 
with time for different infection rates (B) 


| Fig. 8: Variation of mild infected population 


(Im) with time for different values of £. 
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Fig. 12: Variation of mild infective 
population (J,,) with time for different 
vaccination rates p 


Fig.13: Variation of severe infected 
population (Is) with time 
for different vaccination rates p 
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Fig. 14: Variation of removal po i ith ti 
population (R) with time for different vaccination rates P 
CC-0. Gurukul Kangri Collection, Haridwar. An eGangotri Initiative 


————— 


6) 


f (227) 
endi 

From the equation (2.6), we have d Aë 

Don = ty tv +e% p) 

as asb- (y +a)(b~x)(y + +8) KG 


aeb—(y+a)(b-y(y+y+e)= X^ +(aty+e-b)y? +[ 
= (x - a) - e)(y — d), 

where a, c and d are the roots of cubic expression and we assume 
e = — +v +2) then equation (1) can be written as 

dum ice (y+ pXx -e) 

qE (x-a)(y-c)y-d) 

We consider that c,d » 0» a. Then it is very clear that ae. 

The solution of following cubic equation as 

Y + By? +Cxy+D=0 (2) 


(a y £a -5b)-o* |y -ayb 


where B=at+y+e-6, C=(a+y+e(a-b)-a’, D--ayb. 

Let y=u-B/8 

then the equation (2) becomes 

w? 4 pi«gz0, 

where p-C-B' [8g = D- BCJ32B' /27=-~[ 21ayb +B(2p+3e)], 


Here p is negative, also q is negative, so p’/27 is negative and q^/4 is 


positive. 


2 3.2 
c 9 k 1/2 du d q. "n 
y? =-q/2+(q?/4+ p?/27) and z zr. E . 


It is clear that the quantity B is positive, C is negative and D is negative. 
, d=wy+w'z-B/3, a-w yt wz-BJ8. 
ntiating with 


The roots of equation (1.2) are c= y+z-B/8 | 
Proof of lemma 1. Taking logarithms and then differe 


respect tox, we get 


1 l. ab dmi 
qz OEE) = een y-a x-€ x-d 
1 ae | 1 kg 
——— 138 7€ d 

1 1 

t. 


> 


pcm XE dos 
d 

So that — (log g(x) <0. 
dx 
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(228) 
Thus g(y) is monotone decreasing in X . o 

It is very clear that g(7) is negative for 0« x «c and EES for y »c. 
Bp) is defined for f(0) x x « f (?») is always positive and monotone | 
QE 


increasing where it is defined, 0 at f(0) and tends to infinity asy tends f(oo ). 
Hence if f(0»)»c equation (1) has a unique positive solution fory whereas if 
fíco) «e the equation (1) has no positive solution for% . 
Proof of Lemma 3. 

: uA b—yN. 
AN > BST, = Quee XN 

ae 
Let y be fixed as f(N ) - y and y < b. Then 
e y+y+v+e/ Btob- ON l 
zm arsch E KR 235 
aE 


B OE 
RE ol 
op 


with roots for N as given by 
| aey*et v xx p) ind m. s uc) CMS 
Es 27 
Block a & zt  a(5 - 3)] Bx +a) — 20 
Now o, is positive and o is negative. Thus N (x) has unique positive root. 
Proof of Lemma 4. It is clear that F(N', y)+bp(1-q)N’ is quadratic in N 
as seen from following: 


Baal ione WC 
OE m 


(y+ a)(b — t | 
qp RER acere ep] peg | 
XON” « YG)ON" + Z(y) 20 | 


where XM) = 24+ a)(b—7)|b ee 
ae A 
Proof of Lemma 5. (As proof given by Greenhalgh [10]. 


Letc «y, «x; € b. For monotone decreasing of N (x) iny, we have to prove 
that N(y,) > N(y,). 


From the Lemma 1, o, is monotone decreasing iny and ,is also à 
monotone decreasing iny. So @,(%,) > 9, (x,) and 05 (y,) > 9,5) - F(N, 9) | 
does not depend on q. Let N (X) is the unique positive root of 
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unique positive root of 
) and F(N, y.) are quadratic in N and cut 
N, x)» F(N, y.) at 0, and F(N, y,) « F(N, 7,) at o. 
In the region oX) SN <o,(y,) at N=Z (say. F(N, x)» FUN, 5j 


F(N, y) 2-bp(1-q)N and N(y,) be the 
F(N, x,) 2 -bp1-q)N. F(N, x, 
at most twice. F( 


c N > Z. It is clear that N, < N, © N, > Z. For no-vaccination (q=0) case 
N, is smallest. 
For no vaccination case 
Ny) = aEey(y+y+v+e) 
B(aeb - (FUN) +a) b- FON WEN Lenze 
Expression (3) is monotone decreasing iny by lemma 1. Hence for 
q=0, N, > N, >N,,N, > Z.Soforallq N,,N, > Zand N, > N,. 
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ABSTRACT 
| On the basis of the usefulness and great importance of the 
j differential equations in Electric circuit theory problems, the authors find 
out the solution of a differential equation with an objective to obtain the 
value of the charge at any time ¢ in a simple electric circuit consisting 
| of resistance, inductance, capacitance and a source of electromotive force 
E,P(t), when P(t) is taken in terms of the Inayat Hussain H -function 
[4,5]. This function is quite general in nature because it includes a 
number of well known elementary functions as its specialcases. Several 
known and new results can be established by the main result, occurring 
| frequently in mathematical physics and engineering. 
| 2010 Mathematics Subject Calssification : 33C6. 
Keywords: H-function, Electric circuit theory, Resistance, Inductance, 
Capitance, Electricmotive force. 
| 1. Introduction. The H-function [1] occurring in the paper is 


defined as 


HM E DAN E (a, A; a)i (a5, Ali ei 1 (a Os)z‘ds dido 
P.Q JU EDI 3 


(b;, Bj), D (b, BPB uag 2ni 


where 
N a" 
fire, - Bail | I - e; * 4,9? 8 
$ = eee - 
1 Q(se—LL— — — c EM 
| H (F1.—5; Bali [| Te; -4;9 
joM+1 jeN d 
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which contains the fractional powers of some of the gamma functions. Here 


and throughout the paper aj = L.,P) and 6,(j=1,...@) are complex 
; = t ll 
parameters, A, 20 (j= 1,..,P), B,20 Q 1..,Q) (no a Zero 
simultaneously) and the exponents a; 9 LN) and B; =M +1,...,Q) 
can take non-integer values. à 
The contour in (1.1) is imaginary axis Re(s)=0. It is suitably 
indented in order to avoid the singularities of the Gamma functions and to 
keep those singularities on appropriate sides. Again, for a,(j =1,...,N)not 
í an integer, the poles of the gamma functions of the numerator in (1.2) are 
converted to the branch points. However, as long as there is no coincidence 
of poles from any F(b, - Bjs) (J= 1,...,.M)and I(1-a;-* A,s) ( =1,.. N) 
pair, the branch cuts can be chosen so that the path of integration can be 
distorted in the usual manner. 
Buschman and Srivastava [1] established the following sufficient 


conditions for the absolute convergence of the defining integral (1.1) for the 
H - function : 


M N Q D 

Q2) B; +) Aa; SËCH — (1.3) 
jel jel j-M41 j=N+1 

and 

lerg(z)| « x 9/2., erat) 


The behavior of the H -function for small values of le] follows easily 


from a result given by Rathie [6, p.306, Eq.(6.9)], we have ! 
SSMN. a : 
Hpo lz] 2 OC |z]), a = min [Re(b;]B), |z|-0. — (1.5) | 
The following integral is required to establish our main results: 


[e * bx) ^ e sin {oo(¢ - xA E + bx) (aj, Aja) y (a5, A; M 
(6;,B; hao; B5 p; lmang 


rk m=0 r!m! 
= $ IEN — . j [ 
met A m,€;1),(1-p—r—m,u;1), (aj, Aa) nlaj A;a | | 
pB iaw b; BiB igl- D, C1-2k-p-r-muD i 


0.9) 
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Throughout this paper HN 
ction. 


pq [2] stands for the well-known H -fun 
The symbol [r/2] stands for the greatest integer in r/2. 
| The condition of validity of the integral is as follows: 
(i) Re() » 0, mini, eis D. zf 
(ii) | bt/c|<1, A » 0, 
(iii)  |argz|«Omx/2 , 


3 


Gv) Re(p)+u min (Re(b; / B;)) » 0 and the series on the right-hand side 


converges absolutely, it being understood that 


M N Q P 
Q=} B; +> Aja, -> LE È A, >0. 
J=1 j=1 j=M+1 N 


joN+1 
Proof. Expand the exponential function, sine function and we express the 
H -function in terms of the contour integral (1.1), interchange the order of 
integration, which is permissible due to absolute convergence of the 
integrals involved in the process, and evaluate the integral by means of the 
integral due to Erdélyi [Tables of Integral Transforms, Vol.1, p. 310, (24)]. 
Expand the generalized hypergeometric function in series form and 
recollect the terms for H -function to obtain the desired result (1.6). 

2. Main Results. If we consider an electric circuit consisting of 
resistance R, an inductance L, a condenser of capacity C and a source of 
electromotive force E P(t), where E, is a constant and Du is known 
function of time f, the charge q(t) on the plates of condenser at any time f, 
satisfies the following second order differential equation 


2221) 


The solution of the differential equation (2.1) subject to initial conditions 


q=Q,i a =I when £—0, is the standard result [7] and is given below 
COMMI ae 


SET 
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E, Piaf! Rni2h as B CHEN 
-J+ e L| Paie H" sintolt mida, 
q(t) pw" 1. 
where, for convenience, 
J(t) =e P?  [Q cosat + (I, / o)Sinot ], 5:219) 
I, =1+RQ/2L and (/ LC) -(R? 4D) = 0° » 0. (2.4) 


Now we find out the charge g(t) when P is taken in terms of the Inayat 

Hussain H -function. , » 

We shall find the solution of (2.1), when P) is taken in terms of H- 

function. Let 

Ase)» Wäibur | (2.5) 
(bj, Bj),u (bi, B Bao 


J 


P(t)=t? (c bt)”. Ape oy tbt)" 


Putting the above value of P(t) in (2.2) and evaluating the integral with 
the help of (1.6), we find that the value of the charge q(t) is given by 


g(t) = JQ) Eee" pr mt, oe 
oL 


where J(t) and F\(r,k,m,t)stands for the quantities as given by (2.3) and 
(1.6), respectively and the condition as mentioned after (1.6) are satisfied. 

The value of the current 2 can also be obtained from (2.6), by 
differentiating the series on its right hand side term by term with respect 
to t. The process of term by term differentiation is assumed to be justified 
as the H-function being analytic function and the resulting series of H- 
function obtained in this case will be uniform convergent in any arbitrary 
domain 0 <i <a. 

A special case of the solution (2.6), which is of practical interest, 
follows easily by putting R=0; thus we arrive at the following solution 


q(t) =Qcosat 4 (I1/ o)sin ot +c S Lef rier ër) 
k,m=0 m!L 


(1-4 -—m,¢;1),-p-—m,u;1), (a; A;a; v, (85, Ayp (2 7) 
(5, Bu, OBB magl- À,2;1),-1 -2k- p— m,u;1) Es 
3. Special Cases. The solution of (2.1) is quite general in nature as 
these possess two fold generality. The first one is general character of the 
H -function and second is exhibited by the presence of the general 
arguments in this function. By making a free use of results which given by 
time to time many mathematicians, our solutions can be suitably applied to 
a remarkably wide variety of useful functions (or product of such functions) 


77M N2 Dess 
H P42,Q+2 |: [^ 
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that occur frequently in the problems 

engineering. 

(i) If we take M=1, N=2, P=2, Q=2 in (1.1) 
to the generalized Riemann zet e 
Srivastava [1, p. 4708], as 


$G,q,m - », ———- HM 4 (1-1) 
| io (+k)! 2, (0,2, Cn,15g) (9.1) 


Therefore, if electromotive force E,P(t) in (2.1) is taken in terms of the 
Riemann zeta function, as 


E,P(t) = t? (c bt) o(at" (c+ bt) *,q,n) 
(0,1;1),1-n,15q) 
(0,1),(—n,1;q) 


1.1), the H -function reduces 
a function, shown by Buschman and 


Š t^ (c+ bt)" H: EEN SIE KA 


Charge at any time f is given by q(t) = An: Der 21 p (r,k,m,t), where 
o 


Y L =) jks aem -b m Rt OLY 
| n Gk mt) e E E 


r.h,m=0 Ji : m | 
B SE A Ge 2313) 
98177 * | (9,1, Cn59, 1-350, CL-2k-p-r-m,u;D 


(i) If we take the values of all a's =B's=1 in (2.7), we find the solution 
i ; d out in [2]. 
of (2.1) for R=0, in terms of the results foun auti : 
(iii) If we place the values of all A's = B'szo/s-f/s-1lin (2.7), and 
own Gamma multiplication formula, we find the 
r R=0 in terms of the result found out in [3]. 
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